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O 

\ Let (M, u>) be a symplectic manifold, N C M a coisotropic 

submanifold, and X a compact oriented (real) surface. I define 
q [ a natural Maslov index for each continuous map u : T, — ► Af 

that sends every connected component of e?E to some isotropic 
leaf of N. This index is real valued and generalizes the usual 
Lagrangian Maslov index. The idea is to use the linear holo- 
nomy of the isotropic foliation of N to compensate for the loss 
■ of boundary data in the case codimTV < dim M/2. The defi- 

\ nition is based on the Salamon-Zehnder (mean) Maslov index 

of a path of linear symplectic automorphisms. I prove a lower 
bound on the number of leafwise fixed points of a Hamilton- 
ian diffeomorphism, if (M, uj) is geometrically bounded and 
N is closed, regular (i.e. "fibering"), and monotone. As an 
application, we obtain a presymplectic non-embedding result. 
I also prove a coisotropic version of the Audin conjecture. 
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1. Motivation and main results 

This article is concerned with the following two problems. Let (M, uj) be a 
symplectic manifold and A C M a coisotropic submanifold. A leafwise fixed 
point of a map if : M — > M is by definition a point x G A such that <p{x) 
lies in the isotropic leaf through x. We denote by Fix(92, A) := Fix(<p, A, u;) 
the set of such points. 

Problem A: Find conditions on (M,u,N,tp) under which Fix(<^, TV) is 
non-empty and give a lower bound on |Fix(y, A)|. 

Note that in the case N = M the set Fix(y, A) equals the set Fix(^) of 
usual fixed points. In the other extreme case, in which iV is Lagrangian, we 
have Fix((p, N) = A n ^(N). 

To formulate the second problem, let V be a real vector space and uj 
a skew-symmetric form on V. We denote coranko; := dimker^ 3 v i— > 
cj(u , •) G V*) . A presymplectic form on a manifold M is a closed two- form uj 
of constant corank. We say that a presymplectic manifold (M',uj') embeds 
into another presymplectic manifold (M, cj) iff there exists an embedding 
ijj : M' — > M such that t/>*oj = oj'. The next problem generalizes the 
symplectic and Lagrangian non-embedding problems: 

Problem B: Find conditions on (M, uj) and (M', a;') under which (M f , uj 1 ) 
does not embed into (M,lo). 

In [Zi], I gave some solution to problem A, imposing the conditions that 
N is regular and the Hofer distance of ip and the identity is small enough. 
In the present article, the second condition is replaced by the assumption 
that N is monotone. The paper [Zi] also contains some solution to problem 
B, assuming that uj is non-degenerate and aspherical. In the present article 
the latter condition is replaced by monotonicity of uj. 

To define monotonicity for a coisotropic submanifold N, I introduce a 
natural Maslov map for N, which equals the usual Maslov index in the case 
dim TV = dimM/2, and twice the first Chern class of (M,uj) in the case 
N = M. 

1.1. Definition of the Maslov map. Let (M, uj) be a symplectic manifold 
(without boundary), N C M a coisotropic submanifold, and X a topological 
manifold. We denote by C(X) the set of connected components of X and 
by N u the set of isotropic leaves of N. We define 

C(X,M;N,uj) := {u G C(X, M) | VY G C(dX)3F G iV w : u{Y) C F). 

Let u G C([0, 1] x X,M). We call u an (A ', a;)- admissible homotopy iff for 
every Y G C{dX) there exists -F G N w such that it(t, x) G F, for every 
t G [0,1], x G Y. We denote by [A, M;N, uj] the corresponding set of all 
(A, oj)-admissible homotopy classes of maps from X to M. 

We denote by <S the class of all compact oriented (real) topological surfaces 
(possibly with boundary and disconnected). Let E G S. The Maslov map 
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introduced in this article is a map 

(1) m E)7 v := m^,N ■ [S, M; N, uj] -> R. 

Its definition involves the following four steps. A more direct, but less nat- 
ural definition is given on page 5. 

The Salamon-Zehnder Maslov index. Let (V, oj) be a symplectic vector 
space. We denote by Autw the group of linear symplectic automorphisms of 
V. We define the Salamon-Zehnder Maslov index 

(2) m u : C([0, 1], Auto;) — > R 

as follows. We define the winding map a : C([0, 1],R/Z) — > R by a(z) := 
z(l) - z(0), where z G C([0, 1],R) is any path such that z(t) + Z = 
for every tel. We denote by p w : Aut(w) -> R/Z = S 1 the Salamon- 
Zehnder map (see Proposition 42 below). Let $ € C([0, 1], Auto;). We 
define m u ($) := 2a( / o a , o 

The Maslov map for pairs of flat transports. Let A be a topological 
manifold. We denote by IIA the fundamental groupoid of A. This is a 
topological groupoid. Its set of objects is A and its set of morphisms consists 
of all homotopy classes (with fixed end-points) of continuous paths in X. 

For two vector spaces V and V' we denote by Iso(V, V) the set of all 
isomorphisms from V to V'. Let E — > X be a vector bundle. We denote by 
GL(E) the general linear groupoid of E. This is a topological groupoid. Its 
set of objects is X and its set of morphisms consists of all triples (x,y, $>), 
where x,y G A and <I> G lso(E x ,E y ). 

By a flat (linear) transport we mean a (continuous) representation $ of 
IIA on E, i.e. a morphism of topological groupoids from IT A to GL(E) 
that covers the identity on A. Such a $ associates to every homotopy class 
of paths x G C([0, 1],A) an isomorphism $([x]) G lso(x(0), x(l)). It is 
equivariant with respect to concatenation of paths. We denote by T{E) the 
set of all flat transports on E. 

We call $ G T(E) regular iff $([x]) = id, for every x G C([0,1],A) 
satisfying x(0) = x(l). Note that if A is a smooth manifold and E is a 
smooth vector bundle then the parallel transport of a smooth flat connection 
on E is a flat transport. 

For symplectic vector spaces (V,w) and (V',u>') we denote by Iso(w,u/) 
the set of linear isomorphisms 3> : V — > V such that Q*uj' = to. Let A be a 
topological manifold and (E,u) be a symplectic vector bundle over A. We 
define GL(£', w) to be the subgroupoid of GL(E) consisting of all (x,y,$) 
such that <!> G Iso(ti; x , uo y ). We call a transport $ G T{E) symplectic iff 
<I>(ITA) C GL(E,uj), and denote by T(E,to) the set of all such $'s. 

Let A be an oriented closed curve (i.e. topological real one- manifold) , 
(E,uj) a symplectic vector bundle over A, and G T(E,lo) be such 

that $ or <£' is regular. We define the number m w ($,<I> / ) G R as follows. 
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Namely, we choose a path z G C([0, 1],X) such that z(0) = z(l) and the 
map S 1 ^ [0, l]/{0, 1} 3 [t] ^ z(t) G X has degree one. We define * G 
C([0,l],AutK (0) )) by tt(t) := ^([z^})- 1 ^^]), and 

(3) m u ($,f) := %) ($). 

By Lemma 7 below this number is well-defined. 

The coisotropic Maslov map for bundles. Let (V, to) be a symplectic 
vector space and W Q V be a, subspace. We denote by W u := {v G 
V | = 0, G H^} its symplectic complement. Assume that W 

is coisotropic. We denote by (W w := W/W w , low) its linear symplectic 
quotient, and for $ G Aut(w) we define 

$w : WL, -> ^(v + W*") :=*« + (*W) w . 

Let -E be a vector bundle over X , W Q E a, subbundle and G T{E). We 
say that leaves PF invariant iff $([;z])W z (o) = Wz(i)> f°r every [z] G FLY. 
Let (-E 1 , w) be a symplectic vector bundle over X. We define C a&t (E,u) to be 
the set of all pairs (W, where W C is an cj-coisotropic subbundle, and 

G T(W UJ ,uJw)- Let W C £ be a coisotropic subbundle, and $ G T(E,co) 
be a transport that leaves W invariant. We define 3>vf G TiW^^uiyy) by 
$w([*D : = *(W)w, ( o)- 

Theorem 1. (Coisotropic Maslov map for bundles) Let £ G 5 6e connected 
and such that dT, ^ %, and let (E,lj) be a symplectic vector bundle over S. 
JTzen ifoene exists a unique map m,Y,,E,u '■ C (E, uj) — > R wi/i i/ie following 
properties. 

(i) (Boundary) For every regular transport <E>o G T{E,u) and every $ G 

2"((£,^)|as) we We m SvEia; (£|,9 S ,$) = m aSiI „| ss ($, $„)■ 
(tij (Invariant subbundle) Let W C &e an to -coisotropic subbundle, 

andty G T((E, uj)\gz). If^ leavesW invariant then mz t E,oj(E\dz , = 

For the proof of this theorem, the idea is to define 

(*,*o), 

where \& G T((E,lo)\qs) is a lift of (W,®), and 3> G T(E,u) is a regular 
transport. In order to show that this does not depend on the choice of the 
following result is crucial. Namely, let (V,u) be a symplectic vector space, 
W C y a coisotropic subspace, and \I/ G Aut(cu) be such that = W. 
Then p CJ (^ r ) = ±p Ww {^>w)- (See Proposition 28 below.) The proof of this 
identity is based on the existence of a path G C([0, 1], Aut(cj)), such 
that ^f 1 = ^, ^° leaves three fixed subspaces of V invariant, and the map 
[0, 1] 3 t i-> e R is constant. 
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Let S G S be a connected surface satisfying 7^ 0. We define £s to be 
the class of all quadruples (E, uj, W, <&) , where (E,oj) is a symplectic vector 
bundle over £ and (W,$) G C flat ((£, w)| as ). We define 

m s : £ E -» M, m^(E,u,W,^) := m^ E ,u,(W, $), 

where mj^^ is the unique map satisfying the conditions of Theorem 1. 

Definition of m-£,u>,N- We now define the map (1) as follows. Assume first 
that £ is connected. If <9S = then we define m-£ tUJt isf(a) '■= 2{ci(M,uj),a). 
Assume now that <9X 7^ 0. We denote by hol N,UJ the linear holonomy of 
the isotropic foliation of N (see (38) below). We define the map fh^ j0Jj N ■ 
C(Z,M;N,uj) -^Mby 

(4) m^ yN (u) :=mx(u*(TM,Lu),u\* d x(TNMl N n)- 

It follows from Theorem 24(iii) below that this map is invariant under 
(TV, cj)-admissible homotopies. For a general E £ 5 we define fh^^,N by 
™>W,n( u ) := Es'ec(s) ™E'*>M u \e')- 

Definition 2. Lei (M, w) 6e a symplectic manifold, N C M a coisotropic 
submanifold, and PFe define the Maslov map ms,Ar : [S, M; iV, u;] — > 

R to &e i/ie map induced by ffiY,,uj,N- 

As an example, let S := D C R 2 be the unit disk, M := M 2n , uj the 
standard structure ujq, N := S 2n ~ l , and u : D — > M 2n the inclusion := 
(z, 0, . . . , 0). Then raB,w ,S 2n_1 («) = 2. For more examples see the subsection 
on page 9 about the Gaio-Salamon Maslov index. 

The map ms, w ,/v may be viewed as a mean Maslov index. Analogously 
to the definition of the Conley-Zehnder index there should also be a natural 
integer valued map with the same domain. 

The regular case. Let X be a compact topological manifold. We call a 

map u G C([0, 1] X X, M) a weakly (TV, uj)- admissible homotopy iff for every 
Y G C(dX) and t G [0,1] there exists F G such that u(t,x) G F, for 
every i6 7. We denote by (X, M; iV, uj) the corresponding set of homotopy 
classes. We call N regular iff its isotropic leaf relation is a closed subset and 
a submanifold of N x N. Assume now that N is regular. Then it follows 
from Theorem 19(iv,vi) below that the Maslov map mz,N takes on integer 
values and is invariant under weak homotopies. If N is also orientable then 
by Theorem 19 (vi) to e ,at takes on even values. 

1.2. More elementary description. In more elementary, but less natural 
terms, the map rh^^^N is given as follows. Let (V, uj) be a symplectic vector 
space, and Wq C V a coisotropic subspace. We define the framed coisotropic 
Grassmannian G(uj,Wq) to be the manifold consisting of all pairs (W, <E>), 
where W C F is a coisotropic subspace and $ G Iso((Wo)u,, W w , %) . 
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Let (W,$) G C([0,l],G(a;,Wo)) be a path such that W(0) = W(l). We 
choose a path * G C([0, 1], Auto;) satisfying *(t)W = W(t) and #(t)w = 
<J?(i). (It follows from Lemma 11 below that such a path exists.) We define 
m UJ (W, := m w (*). (It follows from Theorem 9(ii) below that this number 
does not depend on the choice of 

Let now M, cj, N, S and u be as above. For simplicity, assume that 
£ = D. We denote In := dimM. We choose a symplectic trivializa- 
tion ^ : D x R 2n — > u*TM, and define W := V^T^N C M 2n . We 

define the path (W, $) : [0,1] -► G(W ,w ) as follows. Let s G [0,1]. 
We set VF(s) := ^"A^T^^N C R 2n . Furthermore, we define F s : 
(T u (x)N)u — > (T u t e 2Tvi S -\N)u to be the linear holonomy of the isotropic fo- 
liation of N along the path [0,1] 3tw u(e 2wist ) G F. We set := 
(^u(e 2 ™ s ))wo-^ i (^ , w(i)) w V The Maslov index of it is now given by 

fhn,w,N(u) = m Uo (W,$). 

1.3. Leaf-wise fixed points, presymplectic embeddings and mini- 
mal Maslov numbers. 

Leaf-wise fixed points. Assume that N is regular. We define the minimal 
Maslov number 

m(N) := m(N,u) := inf ({m D ,jv( a ) | a G (X,M;N,lo)} N) G NU{oo}. 

We call N monotone iff there exists a constant c > such that for every 
it G C(B, M; AT, a;) we have fhn,u,N,F( n ) = c j u*uj. 

We denote by Ham(M, to) the group of Hamiltonian diffeomorphisms on 
M. For every ip G Ham(M, a;) the pair (N,(p) is called non- degenerate iff 
the following holds. For xo G N we denote by pr xo : T XQ N — > (T XQ N)u = 
T X0 N/(T X0 N) U the canonical projection. Let F C i\f be an isotropic leaf, 
and x G C°°([0, 1],F) a path. Assume that y>(x(0)) = x(l), and let t> G 
T x (o)N H T 2 ,(o)^ _1 (A r ) be a vector. Then i; / implies that 

(5) hol^' jv pr a . (0) u + pi x{1) dip(x(0))v. 

In the case N = M this condition means that for every xo G Fix(^), 1 is 
not an eigenvalue of dtp(xo). Furthermore, in the case that N is Lagrangian 
the condition means that for every connected component N' C N we have 
N' rtl tp(N'), i.e. N' and tp(N') intersect transversely. 

For a topological space X and i G NU {0} we denote by bi(X, Z2) the i-th 
Z2-Betti number of A. 

Theorem 3. Let (M,co) be a (geometrically) bounded symplectic mani- 
fold, N C M a closed monotone regular coisotropic submanifold and tp G 
Ham(M, oj). If(N,ip) is non- degenerate then 

(6) |Fix(v?,A0|> UN^2). 

i=dimN-m(N)+2,...,m(N)-2 
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This theorem generalizes a result for the case dim A = dimM/2, which 
is due to P. Albers [Al]. 

Examples. A big class of examples is given as follows. Let (A, a) and 
(A', a') be closed symplectic manifolds and L C A a closed Lagrangian 
submanifold. We define (M, u, N) := (X' x X, a' © a, X' x L). Then A is a 
closed regular coisotropic submanifold of M. 

Let S G <S. We define £' to be the closed surface obtained from S 
by collapsing each boundary circle to a point. By straight-forward argu- 
ments the map $ : [£',A'] x (£,A;L,o-) -> (T,,M;N,u), $([it'], [u]) := 
[(?/, it)], is well-defined and a bijection. Furthermore, ms,u;,jv [«]) = 

2(ci(TA / ,ct / ), [«']> +m E|ff ,L([«]). This follows from Theorem 19(ii,viii) be- 
low. It follows that m(N, to) is the greatest common divisor of twice the 
minimal Chern number of (TX', a') and m(L, a). 

Assume that there exists c > such that 2(ci(TX', a'),[u]) = c f s2 u*a' 
for every u G C°°{S 2 , A'), and m ,L,a([u]) = C J D u * a > for ever y u G C°°(0, A) 
satisfying u(S 1 ) C L. Then A is monotone, and hence (M,u,N) satisfies 
the conditions of Theorem 3. 

As a concrete example, let n G N, k G {1, . . . , 2n}, X' := CP n , a' be the 
Fubini-Studi form wfs> A the torus T 2fc with the standard form a := u>o, 
and L = T k C T 2fc the standard La grangian subtorus. Let ip G Ham(M, ui) 
be such that (A, ip) is non-degenerate. Then applying Theorem 3 we obtain 
iFixfc, N)\ > >:, , ,, ..rk choose * - 2j". 

Idea of proof of Theorem 3. The idea is to find a Lagrangian embedding 
of A into a suitable symplectic manifold, and then apply the Main Theorem 
in [Al]. Since A is regular, the set of isotropic leaves N w carries canonical 
smooth and symplectic structures An,u> and ujjy. We define 

(7) M:=MxA w , uj := to (-u N ), 

(8) t N : N - M, t N (x) := (x, N x ), N := t N (N). 

Then i n is an embedding of A into M that is Lagrangian with respect to 
the symplectic form uj on M. In order for the hypotheses of Albers' result 
to be satisfied, the inequality m(N,uj) > m(N,uj) is crucial. It follows from 
Theorem 19(x) and Propositions 61 below. 

Application: presymplectic non-embeddings. Let (M, to) be a sym- 
plectic manifold. We denote by c 1 ,u> : [S 2 , M] — > M. the contraction with the 
first Chern class of (M,lo), and by Ci(M,w) := inf (cf '"{[S 2 , M]) n N) G Z 
the (spherical) minimal Chern number. Let (M',to') be a regular presym- 
plectic manifold. This means that the isotropic leaf relation of to' is a closed 
subset and a submanifold of M' x M'. For x,y G NU{oo} we denote by 
gcd(x, y) G N U {oo} the greatest common divisor of x and y. (Our conven- 
tion is that gcd(x,oo) = gcd(oo,x) = x, for x G N, and gcd(oo,oo) = oo.) 
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We define \i := 2gcd (ci(M, u),ci(M^,,uj' m ,)) . The proof of the following 
result is based on Theorem 3. 

Theorem 4. Assume that (M, to) is connected and bounded, every compact 
subset of M is Hamiltonianly displaceable, M' is connected and closed, there 
exists an index i £ { dimM' — \i + 2, . . . , \i — 2} such that bi(M' , Z2) 7^ 0, 
/or some /i&er F C M' every /oop it G C(S 1 ,F) is contractible in M' , 
dimM' + coranku/ = dimM, and the following condition is satisfied. 

(i) There exists a constant c > such that c^' w = c[uj] on [S 2 ,M] and 

A/7 7 1 >' 

c^'=c[u> M/ ] on [S\M'J. 
Then (M',u/) does not embed into (M, uj). 

Note that the condition dimM' + coranko/ = dimM is critical in the 
sense that in the case dim M' + coranku/ > dim M there is no presymplectic 
embedding of any open non-empty subset of M' into M, whereas in the case 
dim M' + coranku/ < dim M for every point x' £ M' there exists an open 
neighbourhood that embeds presymplectically into M. 

The next result gives a criterion under which condition (i) in Theorem 4 
holds and n becomes simpler. 

Proposition 5. Let (M,uj) be a connected symplectic manifold and (M',u/) 
a regular presymplectic manifold, such that some isotropic fiber F C M' is 
simply- connected, dim M' + coranku/ = dimM, and (M',u/) embeds into 
(M,lo). Then fx = 2c±(M,uj). Furthermore, if (M,oj) is spherically mono- 
tone then condition (i ) of Theorem 4 holds. 

It follows from Theorem 4 and Proposition 5 that (M', to') does not embed 
into (M, co), provided that dim M' + coranka/ = dimM and some conditions 
on (M,ll>) and some conditions on (M',u>') are satisfied. (The point here is 
that there are no further assumptions involving both (M, uj) and (M',u/).) 

As an example, let m and n be positive integers, (X, a) a closed sym- 
plectic manifold and tt : M' — > X a closed smooth fiber bundle with sim- 
ply connected fibers, such that dimX/2 + k = m + n and there exists 
i € {2n — k, ... , 2m} such that 6j(M', Z2) 7^ 0, where k denotes the dimen- 
sion of the fibers. We define uj' := ir*a and denote by wfs the Fubini-Studi 
form on CP m and by ojq the standard symplectic form on M. 2n . It follows 
from Theorem 4 that (M',u/) does not embed into (CP m x M 2 ™, w F s © ^o) • 

More concretely, let m be a positive integer and fc € {2, . . . , 2m}. Then 

(CP m x ^cjfs ©0) does not embed into (CP m x M 2fc ,u; F s © w ). 
Coisotropic Audin conjecture. Recall that a topological space X is called 

aspherical iff ir^X) = 0, for every k > 2. Furthermore, a manifold is called 

spin iff it is orientable and its second Stiefel- Whitney number vanishes. 

Theorem 6. Let (M, oj) be a symplectic manifold that is convex at infinity, 
and N C M a coisotropic submanifold that is closed, regular, aspherical, 
spin, and displaceable. Then m(N,uj) = 2. 
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In the Lagrangian case this result is due to K. Fukaya [Fu]. It generalizes 
a conjecture by Audin about the minimal Maslov number of a Lagrangian 
submanifold of M? n diffeomorphic to the torus T n . The idea of proof of 
Theorem 6 is to reduce to the Lagrangian case using the construction (7,8), 
and then to apply Fukaya's result. 

1.4. Related work. 

Oh's Maslov index. Let J be an ^-compatible almost complex structure, 
assume that N is gradable and equipped with a grading [A] in the sense of 
[Oh], and that £ = D. In this situation, Y.-G. Oh defined a Maslov index 
M(at,a) : {u € C°°(D,M) | uiS 1 ) C N} -» Z, see Definition 3.3. in [Oh]. If 
u £ C(D, M; N,u) is a smooth map then fJ<(N,A)( u ) = ^d,w,at(^)- Note that 
A*(jv,A) i s defined on a larger set of maps than mo ;U1 ,N (after restriction to 
C°°(B, M)), but requires [A] as an additional datum. Observe also that the 
definition of m^,u,N does not involve the choice of any ^-compatible almost 
complex structure on M. 

The Gaio-Salamon Maslov index. Let (M,lo,G,uj) be a Hamiltonian 
G-manifold. This means that (M, u) is a symplectic manifold, and G is a 
connected Lie group acting on M in a Hamiltonian way, with moment map 
pi. Assume that G acts freely on N := |it _1 (0). Let £ € S. We define 
the map rris jjj n : [E,M;N,u] -> Z as follows. Let a G [£,M;A,u;]. We 
choose a representative w of a, a symplectic vector space (V, Q) of dimension 
dimM, a trivialization ^ € Iso(S x V,£1;u*(TM,uj)^ , and points G A, 
for every A € C(dT,). We define <7 : <9E — > G by defining g(z) to be the 
unique solution of u(z) = g(z)u(zx), for every z € A and A G C(<9£). 

We define ms |W|tl (a) := m^S* 1 9 z ^'^ 1 gi(2;) • ^x), where for every 
go G G we denote by </o" : T"M — > TM the differential of the action of go. 
By a standard homotopy argument, this number does not depend on the 
choices of u, and zx- By Lemma 45 below the maps ms )Ui(1 and rriY; jU j,N 
agree. 

For S = D the map mo^^ was introduced by R. Gaio and D. A. Sala- 
mon in [GS]. (More precisely, their definition relies on a choice of an in- 
compatible almost complex structure J on M and a unitary trivialization of 
ti*TM.) 

Work by M. Entov and L. Polterovich and by V. L. Ginzburg. Let 

now (M,uj) be a closed (spherically) monotone symplectic manifold and G 
a torus acting on M in a Hamiltonian way, with moment map fj,. Then by 
Theorem 1.7 in the article [EP] by M. Entov and L. Polterovich the pre- 
image N of the special element of 0* under fj, is strongly (i.e. symplectically) 
non-displaceable. 

Assume that the action of G on N is free. Then by Lemma 46 below 
N C M is a closed, monotone regular coisotropic submanifold. Hence if 
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bi(N, Z2) is non-zero for some i G {dimA" — m(N,u) + 2, . . . ,m(N,u>) — 2} 
then it follows from Theorem 3 that N is not leafwise displaceable (and 
hence not displaceable). Thus in this case we obtain a stronger statement 
than in Theorem 1.7 in [EP], provided that also i? 1 (M, R) = 0. 

In his recent paper [Gi] (Theorem 1.5) V. L. Ginzburg proved an up- 
per bound on the minimal Maslov number of a closed, stable, displaceable 
coisotropic submanifold. 

1.5. Organization and Acknowledgments. 

Organization of the article. In Section 2 it is shown that the Maslov 
map for pairs of flat transports is well-defined, and Theorem 1 is proved. 
Section 3 contains the proofs of the other results of Section 1. They are 
based on Theorem 19, which summarizes the main properties of the Maslov 
map. Section 4 is devoted to the proof of this theorem, using a similar result 
for the coisotropic Maslov index for bundles (Theorem 24). The appendix 
contains some results about the Salamon-Zehnder map, the Gaio-Salamon 
Maslov index, the relation with the mixed action-Maslov index, the linear 
holonomy of a foliation, and some topological results. 

Acknowledgments. I would like to thank Yael Karshon for her continuous 
support and enlightening discussions, Masrour Zoghi and Dietmar Salamon 
for useful comments, Shengda Hu for making me aware of Lemma 11, and 
Viktor L. Ginzburg for his interest in my work. 

2. Proof of Theorem 1 (Coisotropic Maslov map for bundles) 

The following lemma was used in Section 1. 

Lemma 7. The number m £i) ($,$ / ) in (3) is well-defined, i.e. it does not 
depend on the choice of z. Furthermore, if <E> and $>' are regular then 
m,($,$') G 2Z. 

The next Remark is used in the proof of Lemma 7. 

Remark 8. Let X be a topological space and (E, to) a symplectic vector 
bundle over X. Then the map Aut(E, uj) 3 (x, $) 1— ► p Ux (&) G S" 1 is 
continuous. To see this, we choose a symplectic vector space (V, Q) of di- 
mension rankE. Let (U, <E>) be a pair, where U C X is an open subset 
and <E> G Iso(f7 x V, Q; (E,u)\u)- By Proposition 42 (\) we have p^A^) = 
pn^Q^^&x) , for every x G U and <E> G Aut(E x ,uJ x ). Since the map 
pn : Aut(f2) — > S 1 is continuous, the statement follows. 

Proof of Lemma 7. To prove the first assertion, let zq and z\ be two choices 
of a path z as above. We choose a map z G C([0, 1] x [0,1], C) such that 
z(s, 0) = z(s, 1), for every s G [0, 1], and z(i, •) = Zj. We denote z s := z(s, •), 
and we define ^ s (t) := ^ / ([^ s |[ 0j t]]) _1 *([^s|[o,t]]) 3 for s ,t G [M]- We also 
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define / : [0,1] x [0,1] -> S 1 by f(s,t) := p Uztl0) (V,(t)). It follows that 
^ s (0) = idg - 0) and hence /(s,0) = 1, for every s G [0,1]. By Remark 8 
the map / is continuous. 

Claim 1. The map [0, 1] 3 s i-> f(s, 1) G S 1 is constant. 

Proof of Claim 1. Consider the case in which $ is regular. We choose a 
path z G C([0, 1], C) such that z(i) = Zj(0), for i = 0, 1. We fix s G [0, 1]. 
By assumption we have = id£ z( (0) . Furthermore, the paths zq 

and z#z s #z are homotopic with fixed end-points. It follows that <J>'([zo]) = 

= ^'(P]) -1 *^ 1 )*'^*])- Hence b y Proposition 42(i) 
we have /(s, 0) = f(s, 1). The case in which is regular, is treated similarly. 
This proves Claim 1. □ 

Claim 1, the fact ^(O) = idg , 0) (for every s G [0,1]) and continuity of / 
imply that m u m (\&o) = 77 V tl (o)(^ r i)- Hence m tJ ($,$ / ) is well-defined. 

The second assertion of the lemma follows directly from the definition of 
the Maslov index of a path of automorphisms of a symplectic vector space. 
This proves Lemma 7. □ 

For the proof of Theorem 1 we need the following. Let X be a topological 
manifold and X C C([0, 1], X). We define the equivalence relation ~^ on 
X by xq ~x xi iff there exists x G C([0, 1] x [0, 1], X) such that x(s, •) G A", 
x(s,i) = x(0,i) and x(i, ■) = x«, for every s G [0,1] and i = 0, 1. We 
equip with the compact open topology and X / ^x with the quotient 
topology. Then X/~x is a topological groupoid. We call X admissible iff 
it contains the constant paths, and the following conditions hold. If x G X 
and / G C([0, 1], [0, 1]) then x o / G X. Furthermore, if x,x' G X are such 
that x(l) = x'(0) then the concatenation x^x' lies in X. Assume that X is 
admissible, and let E — > X be a topological vector bundle. A flat transport 
on E along X a morphism of topological groupoids $ : X / ~x^> GL(E) 
that descends to the identity on X x X. We denote by T(X, E) the set of 
such $'s. Let X' be another topological manifold and / G C(X',X). Then 
the pullback f*X := (fo)- 1 (X) C C([0, 1],X') is again admissible. For $ G 
T(X,E) we define the pullback /*$ G T(f*(X,E)) by := 

Let X be a topological manifold, (E, u) a symplectic vector bundle over 
X, (W, $) G C flat (£,Lj) and * G T(E,oj). We call * a lift of (W, $) iff for 
every z G C([0, 1], C) we have *([z])W z(0) = W z(1) and *(N)^ (0) = *([*])■ 
Let X be a closed curve. We denote by 7r : [0,1] xI-»X the canonical 
projection, and for s G [0, 1], we define t s :l^[0,l]xl by t s (z) := (s, z). 
Furthermore, we define X := {t ^ (s,z(t))\s G [0,1], z G C([0, 1],X)}. 
Let (E,u) be a symplectic vector bundle over X. 

Theorem 9. The following statements hold, 
(i) For every (W, $) G C flat (£, u) there exists a lift * G T(E, w) of (W, $). 
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(ii) Let (W,$) G C Rat (E,uj), tf arad^i 6e K/ts o/(W,$), and * G T(£,l<j) 

a regular transport. Then mx :11) (fo, = m-x^^i, 
(mj Lei IF C vr*^ 6e an it* lu- coisotropic subbundle and $ G T(TI([0, 1], X), W w , low) ■ 
Then there exists ^ G T(E,lu) such that is a Zi/£ o/ 1*3>, /or every 
SG[0,1]. 

(%;,) LetW C 7r*i? 6e an it* to -coisotropic subbundle and G T(X,W w ,ujw)- 
Then there exists * G T(X,E,co) stic/i £/taf t** zs a Z«/t of /or 
ewer?/ s G [0, 1] . 

For the proof of Theorem 9 we need the following. Let / be a homeo- 
morphism between two topological manifolds X and X' , and 7r : E — > X 
and ir' : E' —* X' vector bundles. Assume that there exists \& G Iso(-E/, £7) 
that descends to /. We define tf* : GL(£) -» GL(£') by **(x ,xi,^) := 
(/" 1 (^o),r 1 (^i), v I / 7- 1 i( :!;i )^%-i(a ;o ))- For $ G T(£) we define : 
IIX' -» GL(E') by (tf*$)(a') := **($/,o'). 

Lemma 10. IFe aaue G T(E'). 

Proof of Lemma 10. It follows from the definitions that v|/*$ descends to 
the identity on X '. Furthermore, the map /* : ILX 7 — ► IIX is a morphism 
of topological groupoids. Since $ G T(E), the same holds for <I>. Finally, 
it follows from the definitions that ^* : GL(i£) — > GL(i?') is a morphism of 
groupoids. It follows from Lemma 63(iii) that it is continuous. It follows 
that the map UX' 3 a' **($/*a') G GL(£") is a flat transport. This 
proves Lemma 10. □ 

Let (V,lo) be a symplectic vector space and £ G {dim V/2, . . . , diml/}. We 
denote by G(to, £) the set of w-coisotropic subspaces of V of dimension £, and 
equip it with the natural smooth structure. Let Wq C W be a coisotropic 
subspace of dimension ^. We define the framed coisotropic Grassmannian 
G(u>, Wq) to be the set of all pairs (W,$>), where W C V is an coisotropic 
subspace and $ G Iso{low q ,^w)- This set is naturally equipped with a 
smooth structure. 

Lemma 11. The maps Aut(w) -> G(w,£), ^ i-> ^PF, and Aut(w) -> 
G(a>, Wq), Vl/ 1— > (\I/Wo, Vl/wo)> are smooth (locally trivial) fiber bundles. 

For the proof of Lemma 11 we need the following. The group Iso(u;) acts 
naturally on G(lo,£), and it acts on G(u,W ) by *(W,$) := 
These actions are smooth. 

Lemma 12. T/iey are transitive. 

Proof of Lemma 12. Transitivity of the first action follows by an elementary 
argument. Let (W, 3>) G G(a>, Wo). Assume first that W = Wq- We choose 
a maximal symplectic subspace Vq C IF, and define / : Vb — > W w , /fo := 
vq + W w . Then / G Iso(o;|y , low), an d hence we may define ^ : V = 
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Vq ® Vq — > V by ^(vo + v\) := f~ l <&fvo + v\. This map has the required 
properties. 

For a general W we choose Vl/' G Iso(w) such that ^/'Wo = W. By what 
we just proved there exists E Iso(o;) such that ^"Wq = Wo and = 

5 f/ ^ 1 $. The map ^ := has the required properties. This proves 

Lemma 12. □ 

Proof of Lemma 11. If a Lie group G acts smoothly on a manifold X and 
x € X, then the stabilizer of x is a closed subgroup, and hence the map 
G — > G/H, g i — ^ gi/, is a smooth fiber bundle. If the action is transitive 
then the map G/H — ► X, gi/ gx, is a diffeomorphism. Lemma 11 follows 
from this and Lemma 12. □ 

Let / be a homeomorphism between two topological manifolds X and X' , 
and (ir,E,u) and (ir',E',Lo') be symplectic vector bundles over X and X' 
respectively. Assume that there exists -F € Iso(£'', u/; E, w) . 

Lemma 13. The following statements hold. 

(i) The map F* :C &at (E,uj) -> C flat (£' >') defined by F*(W,$) := (F~ l W, F* 
is a bijection. 

(ii) Let W ^ E be an uo-coisotropic subbundle and £ T(E,uj) be a 
transport that leaves W invariant. Then the transport VP' := F*^ € 
T(E',uj') leaves the uj' -coisotropic subbundle W' := F~ l W C E' in- 
variant and fy' w , = F*(^w)- 

Proof of Lemma 13. The statements follow from straight-forward arguments. 

□ 

Remark 14 (Naturality for one-dimensional Maslov map). Let X and X' 

be closed oriented curves, (E,u) and (E',uj') symplectic vectors bundle over 
X and X' , respectively, &,&o £ T(E,lu), and^ € Iso[E', u)'\ E, cj) . Assume 
that $o is regular. Then mx',(j'(**$, **$o) = mx,u;{$, ^o)- 77ms follows 
from Proposition 42 (1). 

Proof of Theorem 9. Without loss of generality, we may assume that X is 
connected. 

To prove statement (i), assume first that X = R/Z and there exists a 
symplectic vector space (V, 0) such that -E = R/Z x V and cj is constantly 
equal to tt. Let (W, $) € C flat (R/Z x V». It follows from Lemma 11 
that there exists a path ^ <G C([0, 1], AutO) such that *(0) = idy and 
y{s)W 0+z = W s+Z and *(s) Wo+z = $([[0,1] 3 * ^ st + Z]), for every 
s G [0, 1]. By an elementary argument there exists a unique transport ^ £ 
T{E,uj) satisfying *([[0, 1] 9 t i-> st + Z]) = for every s € [0, 1]. This 

is a lift of (W, <&), as required. 

In the general situation, we choose a homeomorphism / : R/Z — > X and a 
symplectic vector space (V, fi) of dimension rankE. Since Autf2 is connected, 
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there exists F G Iso(]R/Z x V,£l;E,u) that descends to /. Statement (i) 
follows now from what we already proved and Lemma 13. 

To prove statement (ii), we choose a symplectic vector space (V, Q) 
of dimension rankE. Without loss of generality, we may assume that E = 
X x V, lo is constantly equal to Q, and \I> = id. (To see this, we choose z$ £ X 
and we define F G lso(X x V, Q;E, u) by F Z1 := *([£]), for z\ G X, where 
z G C([0, lJj-X') is a path such that z(i) = Zi, for i = 0,1. By regularity of 

the map F is well-defined. The claimed equality is a consequence of the 
equality mi u (F*fo, id) = ^F*^, id), the fact F*^ = id, and Remark 
14.) 

Let ^o,^i G T(X x V,cj) be lifts of (W, We choose a path z G 
C([0,1],X) such that z(0) = z(l) and the map S 1 ^ [0, l]/{0, 1} 3 [t] ^ 
z(t) G X has degree one. We define 7r : Autw — > G(w, W 2 ( )) by 7r(F) := 
(F^ (0) ,F^ {0) ),and : [0, 1] -> Auto; by := *i(N[o,t]D, for i = 0, 1. 
Then vr o * (t) = JW 2(t) , $([«| [0)t ]])) = vr o ^(i), for every t G [0,1], and 
^o(0) = idy = ^1(0). Therefore, Lemma 11 implies that there exists 
§ G C([0, 1] x [0, 1], Autw) such that •) = for i = 0, 1, *(s,0) = idy, 

and 7T o ^(sjt) = (W z ( t ), 3>([z|[o,t]])) j f° r every s,t G [0,1]. Therefore, 
the hypotheses of Proposition 27 are satisfied with x(s,t) := z(t) and 
^ := ^. By the assertion of that proposition, we have m^^o) = m^^i)- 
Since mx,oj(^i,^d) = mn($j), for i = 0, 1, it follows that m^ffo, id) = 
w-x,^(^'i, id). This proves statement (ii). 

Statements (iii,iv) are proved similarly to statement (i). 

This completes the proof of Theorem 9. □ 

Lemma 15. Let £ be a compact connected oriented surface with non-empty 
boundary, (E,lu) a symplectic vector bundle overY>, < 3?,<3? / G T(E,uj) regular 
transports, and$> G T{(E,u)\ dT ). Then m aEiU; | aE (*, $| as ) = m^s^Us $'|as). 

For the proof of Lemma 15 we need the following. 

Lemma 16. Let(V,uj) be a symplectic vector space, and^,^ G C([0, 1], Autw) 
6e such that $(0) = $(1) = id and ^(0) = id. Then m a; ($*) = m w ($) + 
m w (*). 

Proof of Lemma 16. By an elementary argument, the map is homotopic 
with fixed end-points to the concatenation of $ with . The statement 
follows from this. □ 

Lemma 17. Lei £ &e compact connected oriented surface with non-empty 
boundary, (E,uj) a symplectic vector bundle over S, and Vl/ G T(E,u) be 
regular transports. Then mQz jUI \ g -z(®\dz, *|as) = 0. 

Proof of Lemma 17. For zo G S we define / zo : S — > S 1 by f zo ( z i) '■= 
P^ (*(M) -1 ^([^])), for 21 G S, where 2 G C([0, 1],S) is a path such that 
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z(i) = Zi, for i = 0,1. By regularity of $ and ^ this map is well-defined. 
Let X be a connected component of <9E. Then for every z$ G X we have 
— 77l x,w|x( c ^ > !^' ^l-xO - Furthermore, for zq,z'q G X the maps / 20 
and f z i are homotopic and hence deg(/ 20 |x) = deg(/ z '|x)- Let zq G S. It 
follows that m 9EA ,| aE ($| 9s ,*|0 S ) = deg(/ Zo | as ) = 0. This proves Lemma 
17. ' □ 

Proof o/ Lemma 15. Let X be a connected component of <9£. We choose a 
path z G C([0, 1], X) such that z(0) = z(l) and the map S 1 ^ [0, l]/{0, 1} 9 
[t] h-> z(t) G X has degree one. For s G [0, 1] we define z s G C([0, 1],X) by 
z s (t) := z(si). Furthermore, we define F G C([0, 1], Aut(o> 2 ( ))) by F(s) := 
S'flz,])- 1 *^,]). By definition, we have m x ^\ x (&\ x ,&\x) = ^^{F). 
Therefore, using Lemma 16, we obtain uix^\ x (*> ®'\x) = m x,ui\ x < ^|x) + 
m x,u}\ x ^\x^'\x)- The claimed equality follows now from Lemma 17. This 
proves Lemma 15. □ 

Remark 18. Let Y> be a compact connected oriented surface with non-empty 
boundary, and (E,u) a symplectic vector bundle over S. Then there exists 
a regular transport $ G T(E,u). To see this, we choose a symplectic vector 
space (V, Q) of dimension rankE. Since Aut(w) is connected and dT, ^ 0, 
there exists G Iso(S x V,Q;E,u). We define $ G T(E,u) by $([z\) := 

Proof of Theorem 1. We show existence of the map m^g^. Let (W,$) G 
C &at (E, to). By Remark 18 we may choose a regular transport £ 1~(E, u). 
By Theorem 9(i) we may choose a lift ^ G T((E',w)| 9s ) of (W,$). We 
define m^B^flF,!) := ^as,w| SE ^o)- By Theorem 9(ii) and Lemma 15 
this number does not depend on the choices of and ^o- Furthermore, the 
conditions (i,ii) follow from the definition of mj. 

To show uniqueness of the map ms^^, let ms^^ : C flat (.E, w) — > M 
be a map satisfying (i,ii). Let (W, <E>) G C flat w) . By Theorem 9(i) and 
Remark 18 we may choose a lift \£ G T ((E , lj)\qs) of (IF, <fr) and a reg- 
ular transport £ T(E,lj). By condition (ii) we have mx^^W, $) = 
mx :E ,uj{E\ d x,iS>) = m 9Eja; | 9E (^,^o)- Uniqueness follows. 

This proves Theorem 1. □ 



3. Proofs of Theorems 3, 4, 6, and Proposition 5 

For the proof of these results, we need the following theorem, which summa- 
rizes some properties of the Maslov map. If £ G S, (M,ui) and (M',u/) are 
symplectic manifolds, and N C M and N' C M' are coisotropic subman- 
ifolds, then there is a canonical bijection $m,m',w,w',n,n' '■ [E, M; N,uj] x 
[S, M'; AT', a/] -» [E, M x M'; N x AT', uj © J] . If A and A' are sets and 
/ : X -» R and /' : A" -> E are maps then we define / ®/':IxI'^R 
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by / fix, x') := f{x) + fix'). Let X be a manifold and Y C X \ dX is 
a submanifold of codimension one. We define Xy to be the manifold with 
boundary obtained from X by cutting along Y . (Note that if X is orientable 
then dX Y = dX]\Y\\Y.) There is a canonical map fxY '■ Xy — > X. If 
E G S, (M, uj) is a symplectic manifold and L C M is a Lagrangian submani- 
fold then we denote by w the Lagrangian Maslov map (see the appendix, 
(32). For a manifold X we denote by ~x the equivalence relation on X 
given by x ~x x' iff x = x' or x and x' lie in the same connected component 
of dX, and we denote by irx ■ X — > X/ ~x the canonical projection. Let 
now E, E' G 5, / : E' — > E be an embedding (restricting an embedding 
of 9E' into (?E), M and M' manifolds of the same dimension, u a sym- 
plectic form on M, N C M a coisotropic submanifold and : M' — > M 
an embedding. We denote </?*iV := <^ _1 (7V). The map y> induces a map 
V?* : [£',M';99*(iV,w)] -> [S,M;JV,a;]. Recall the definition (7,8). We de- 
fine the map <p : (D,M;N,lo) -> [B, S 1 ;^, N] by ip(a) := [u,u(zo)], where 
u is an arbitrary representative of a and zq G S 1 is any point. This map is 
well-defined. 

Theorem 19 (Properties of the Maslov map). The following assertions 
hold. 

(i) (Naturality) Let E, E', /, M, M', N and tp be as above. If f is surjective 
and orientation preserving then Tn-£' iV> *(u],N) = m T,,uj,N ° V*- 

(ii) (Product) IfYlES, (M,ui) and (M',u/) are symplectic manifolds, and 
N C M and N' C M' are coisotropic submanifolds, then mY,,u),N © 

m Z,w',N' = m T,,uj®uj',NxN' ° ®M,M',w,u',N,N'- 

(Hi) Ifu£ C([0, 1] x E, M) is an admissible homotopy then the map [0, 1] B 
t i— > JTts,Ar(u(t, •)) G 1 is constant. 

(iv) If u G C([0, 1] x E,M) is a weakly {N,u) -admissible homotopy then 
the map [0, 1] 9 £ i— > ms,jv("(i, ■)) £ ^ *s continuous. 

(v) (Splitting) Let E £ 5, C C E \ <9E a closed curve (possibly discon- 
nected), (M, w) a symplectic manifold, N C M a coisotropic subman- 
ifold, and u G C(E,M) 6e suc/i £/ta£ /or every C" G C(<9E U C) there 
exists F G suc/i £/&a£ w(C") C i* 1 . TTien m^^iu) = m^^iu o /s,c)- 

fw,) (Regular case) If N is regular then im(ms,Ar) C Z. //X is a/so ori- 
entable then im(ms,Ar) C 2Z. 

(wiij (Lagrangian case) Let E G 5, (M, a;) 6e a symplectic manifold and 
L C M a Lagrangian submanifold. Then m^ U L = m Ew 

(wiiij (Removal of point) Let T, £ S be such that <9E / 0, C G C(E), (M, a;) 
&e a symplectic manifold, N Q M a coisotropic submanifold, and u G 
C(E, M; A?", lo). Assume that u maps C to a point in N. We define 
u : S/~c^ M by u([z]) := u{z). Then m M ^,N{u) = m M ,w,N{u). 



A MASLOV MAP FOR COISOTROPIC SUBMANIFOLDS 



17 



(ix) (Chern class of quotient) Let M,u> and N be as above, with N regular. 
Let u G C(B, M; N,u) be such that u(D) C N. We define u' : D/~ D = 
S 2 — > A^ 6y u'([z]) := 7TAT o ^(z). T/ien mM,u>,N(u) = 2cj Va " Wjv («'). 
(xj Le£ (M, cj) &e a symplectic manifold and N C M a regular coisotropic 
submanifold. Then m 0tM ,Lu,N = m D ,M,C,iV ° ^' 

The proof of Theorem 19 is given on page 22. The proof of Theorem 3 is 
based on the following result, which is due to P. Albers. 

Theorem 20 ([Al], Corollary 2.3). Let (M,u>) be a bounded symplectic 
manifold, L C M a closed monotone Lagrangian submanifold of minimal 
Maslov number m(L), and ip G Ham(M, uj) be such that L rtl ip(L). Then 

\Ln v (L)\>^^l m{L)+2bi (L,z 2 ). 

Note that in [Al], Corollary 2.3, it is assumed that M is closed. However, 
the proof of the result carries over to the case in which (M, uj) is bounded. 

Proof of Theorem 3. Without loss of generality we may assume that N is 
connected. Since N is regular, there exists a unique smooth structure An,oj 
on the set of isotropic leaves N u such that the canonical projection 7Tjv : 
N — > N w is a submersion. (See [Zi], Lemma 15.) We define M,uj,ln and 
iV as in (7,8), and (p := ip x idjv w : M — > M. Then M is closed, the map 
ln : N — ► il# is an embedding, and its image is a closed Lagrangian 
submanifold, see [Zi], Lemma 8. By the same lemma, !p(N) rtl N. We 
denote by R N ' W the isotropic leaf relation on N. By Ehresmann's fibration 
theorem the map itn is a smooth (locally trivial) fiber bundle. (See [Eh], 
the proposition on p. 31.) Hence the hypotheses of Proposition 61 with 
(X, Y, ~, l, it, k) := (M, N, R N,UJ , ln, tt^, 2) are satisfied. Therefore, by the 
statement of this result and by Theorem 19 (x) the Lagrangian iV is monotone 
and m(N,Lj) = m(N,uj). Therefore, the hypotheses of Theorem 20 are 
satisfied with M,u replaced by M,lu, and L := N. Inequality (6) follows 
from the statement of this theorem and the fact |Fix(<^, N)\ = \N D (p(N)\, 
see [Zi], Lemma 8. This proves Theorem 3. □ 

For the proof of Theorem 4 we need the following. Let (M, u) and (M 1 , uj') 
be presymplectic manifolds such that dim M+coranku; = dimM'+coranku/. 
Assume that there exists a presymplectic embedding <p of (M', uj') into 
(M,u). Then := (p(M') C M is a coisotropic submanifold (see [Zi]). 
Furthermore, (M',uj') is regular if and only if is regular. 

Proposition 21. Assume that coranku; = 0, (M',uj') is regular and for 
every isotropic leaf F C M' every loop u G C(S 1 ,F) is contractible in 
M' . If there exists a constant c G R such that 2cf I ' w = c[oj] on [S 2 ,M] 

and 2c 1 w " M ' = c[uj'\ on [S 2 ,M^,], then mo^fii) = c J u*lo, for every 
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u G C°°(B, M; N, uj). Furthermore, if M is connected then 

(9) m(N,u;) = 2gcd(c l (M,oj),c l {M^,oj' MI )). 

Proof of Proposition 21 . To prove the first statement, assume that there 

exists a constant cGR such that 2c^ ,UJ = c[u] on [S 2 ,M] and 2c 1 w " M ' = 
c[u/] on [S 2 ,M']. Let a G \B,M;N,u]. We choose a smooth representative 
u G a. Then c^ -1 o is a continuous loop in M^^^, and hence by 
assumption it is contractible in M' . Hence there exists v G C(B, M') such 
that v\gi = (p~ x o u\gi. Smoothing the map ip o v out, we obtain a map 
w G C°°(B, A/") such that w\ s i = u\ s i._We denote by B the disk with the 
reversed orientation and by u#w : B#B — > M the connected sum of u and 
u>. We have 

m M ,o;,Jv(a) = m(u*(TM, u),u\ s i (TN, hol N,CJ )) 

= 2cf' w ((u#u;)*(TM,w) - ra^fTM, w), (7W, hol^)) 

The first statement follows from this. 

To prove the second statement, assume that M is connected. We claim 
that 

(10) m([B,M;N,u]) = 2c^ ([S 2 , M]) + 2cf-"^' ([S 2 , M^}). 

In order to show that the inclusion "C" in (10) holds, let a G [B, M; N, u>] . 
We choose a representative u G C(B, M; N, u>) of a. By assumption the 
map ^i(-^m) ^i(E) vanishes. Hence there exists u G C(B, N) such 

that u\gi = u\gi. We denote by B the disk with the opposite orientation, 
and define v to be the connected sum uj^u : B#B = S 2 — > M. It follows 
from Theorem 19 (v) that mM,u>,N(a) = 2cf f ' w (v) — mM,uj,N{u). We define 
u' : B/~u= 5 2 -> by it'([zj) := ttat o u(z). By Theorem 19(ix) we have 
m M ,u>,N{^) = 2cf"' Wjv (n'). The inclusion "C" in (10) follows. 

To prove the inclusion "D", observe that cf' w ([S 2 ,M]) = cf ,<Jj ([B/~ D 

,M]) and cj M '{[S 2 ,M^}) = Cj w " M ' ([B/~d, since B/~ is home- 

omorphic to S" 2 . Let a G [B/~jj,M]. Since by assumption M is connected, 
there exists a representative u G C(B/~b>, -M") of a such that u([l]) G AT". It 
follows from Theorem 19(viii) that mM,u>,N(u o ttd) = 2cf^(«). It follows 
that 2ci> w ({S 2 ,M]) C m M ,o;,iv([B,M;A-,a;]). 

Let now a' G [B/~jj, M^,]. We choose a representative v! G C(B/~d, 
of a'. We claim that there exists a map i; : B — > M' such that 7Tm' ov = u'. 
To see this, we define /i' : [0,1] x S" 1 — > M' by h'(r,z) := u'(rz), and we 
choose xo G ^^(^'(0)) C N. By the homotopy lifting property there exists 
a map h : [0, 1] x S 1 — > M' such that ttm> °h = h' and /i(0, z) = xo, for every 
z G S 1 . We define u : B -> M' by u(0) := x and v(z) := /i(jz|, z/|z|), for 
every z^0. This map has the required properties. This proves the claim. 
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We define ip' : M^, — > to be the unique map satisfying ir^ o ip = 
(p'on M r. Thenc^' G lso(u>' M ,, ojn)- Theorem 19 (ix) implies that mM,u>{<P°v) = 
2ci u " u ' N ((p' o u'). Furthermore, by Theorem 19(i) we have c^ ,UJN (p' o u') = 

cf^'^'iu'). It follows that 2cf V '([S 2 ,M']) C m M ^ N ( [O, M; N, u] ). The 
inclusion "D" in (10) follows. This proves (10). Since M is connected, we 

have cf"([S 2 ,M]) = ci(M,w)Z and cf '">""' M ' ([S 2 , M'J) = Cl (A£, , lj' m ,)Z 
(with the convention ooZ = {0}). Combining this with (10), the second 
statement follows. 

This completes the proof of Proposition 21. □ 

Proof of Theorem 4. Let (M, uj) be a connected symplectic manifold and 
(M',lu') a regular connected presymplectic manifold. We define 

H := 2 gcd (ci (M, w) , ci (M^, ,co' M ,)). 

Assume that dimM' + coranko/ = dimM and there exists an embedding 
p of (M',u/) into (M,u). It follows that N := p(M') C M is a regular 
coisotropic submanifold (see [Zi]). Furthermore, if there exists a constant 

c£R such that 2cf = c[w] on [S 2 , M] and 2c x M ' = c[u/] on [S 2 , M^,] 
then Proposition 21 implies that the coisotropic submanifold N := p(M') C 
M is monotone and m(N, to) = \i. Hence the statement of Theorem 4 follows 
from Theorem 3. □ 

For the proof of Proposition 5, we need the following remarks. 

Remark 22. Let (M, uj) be a connected symplectic manifold. Then c^'^dS 2 , M]) = 
c\(M,uj)Z, if c\(M,uj) < oo, and \[S 2 ,M]) = {0}, otherwise. To see 
this, we choose a point xq G M. Then the composition of the forgetful map 
7T2(M, xo) — > [S 2 , M] with the map c^' w : [S 2 , M] — > Z is a group homomor- 
phism. The statement follows from this. 

Proof of Proposition 5. Let M, to, M' , uj' and F be as in the hypothesis. Us- 
ing Remark 22, the statement of Proposition 5 is a consequence of the fol- 
lowing. 

Claim 1. For every a' G [S 2 ,M^,] there exists a G [5 2 ,M] such that 
(W M ,],a') = (M,a) and cf""^'(a>) = cf'». 

Proof of Claim 1: We choose an isotropic leaf F C M' and an orientation 
preserving homeomorphism / : D/ S 2 . Since F is simply-connected, it 

follows from the long exact homotopy sequence for the fibration ttm' '• M' — > 
M'^i that there exists v! G C(S 2 ,M') such that [7Tm ; ° «'] = a! . We define 
a := [^on']. To see that a has the required properties, we denote by no : D — > 
D/ ~b the canonical projection. Then ([o>],a) = = ([w^-,], o'). We 

define u := ip o v! o f o Since JV C M is a coisotropic submanifold, it 
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follows from Theorem 19(viii,i) that mM,w,N(u) = it>>m,u>,n(<P u' o /) = 
mM,<xi,N{(p o u') = 2c l '"(a). On the other hand, by Theorem 19(ix) we have 
m M ,o;,JvH = 2c^' WN (ir N o ip o u' o /). We denote by vr M , : M' -» Af£, 
the canonical projection. The map M', 3 ttm'(x') i— > vrjy ° ^(^O £ ^> i s a 
well-defined (uj' M i, ^^-isomorphism. Therefore, Theorem 19(i) implies that 

c^^ n (tt n o <p o u ' o /) = cf-"^'(7r M ' o u') = c^ nU1 ' M '{a'). It follows that 

cf = Cl M '(a'). This proves Claim 1 and completes the proof of 
Proposition 5. □ 

The proof of Theorem 6 is based on the following result, which is due to K. 
Fukaya. 

Theorem 23 ([Fu], Theorem 12.2.). Let (M,u>) be a symplectic manifold 
and L C M a Lagrangian submanifold. Assume that (M,u>) is convex at 
infinity and L is closed, relatively spin, aspherical and displaceable in a 
Hamiltonian way. Then there exists a € [B, S 1 ; M, L] such that mo,uj,L{a>) = 
2. 

Proof of Theorem 6. Since N is regular and orientable, by Theorem 19(vi) 
we have im(mD w n) ^ 2Z. Hence the statement follows from Theorem 23 
applied with M,u replaced by M,uj and L := N (as in (7,8)), Propositions 
61 and Theorem 19 (x). □ 

4. Proof of Theorem 19 (Properties of the Maslov map) 

The proof of Theorem 19 is based on the following. Let X be a topolog- 
ical manifold. We define £\ C Ex to be the subclass of all quadruples 
(E, u>, W, 3>) such that W = E\g^ and for every x G C([0, l],dX) satisfying 
x(0) = x(l) we have $([x]) = id. Furthermore, we define £ x C Ex to be the 
subclass of all quadruples (E, to, W, $) such that W C E\qz is Lagrangian. 

Let X be a topological manifold and Y C X \ dX a hypersurface (i.e. 
a (real) codimension one submanifold) without boundary. Assume that Y 
is closed as a subset. Then cutting X along Y we obtain a manifold with 
boundary Xy . We denote by pry : Xy — > X the natural map, and define 
y x := (pr^) _1 (y) C Xy. (Note that if 1" is co-orientable in X then 
Y x consists of two copies of Y .) As an example, let Y be a topological 
manifold. We define X := R x Y. Then Xy = ((-oo, 0] x Y) JJ([0, oo) x Y) 
and Y x = ({0} x Y) ]J({0} x Y). We define : -»• Z as in (32) in the 
appendix. 

Let X be topological manifold, Y C X a closed subset, E — > X a real 
vector bundle and $:FxY"-> GL(E') a morphism of topological groupoids 
whose composition with the canonical projection GL(E) — > X x X is the 
identity. We denote by X/Y the topological space obtained by collapsing 
Y to a point. Furthermore, we define the equivalence relation ~$ on E 
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by (x,v) ~$ (x',v') iff (x,v) = (x',v') or (x,x' G Y and v' = $%'v). We 
define 7r$ : Ej X/Y by 7r$([x,w]) := [x]. Assume that there exists a 

pair (U,r), where U C I" is an open neighborhood of Y and r G C([0, 1] x 
U, U) is a strong deformation retraction to Y. Then by Lemma 59 below 
(E$ := Ej ~$,7r$) is a vector bundle. Let k G N and T : E® k -> R be 
a tensor, such that T($^ ui, . . . , n^) = T(v\, . . . , v^), for every x,x' E Y 
and ui, . . . ,Vk G F^. We define T$ : F^ fe — ► R by T$([x,ni], . . . , [x, := 
T x (i;i, . . . , Ufc). By Lemma 59 this is a tensor. Let now (E, u, W, $>) G £e 
and C C 3£ be a connected component. Assume that = Fc and 

$|c is regular. We define : C x C ->■ GL(F) by tf* := $([*]) : E zo -» 
F7 Z1 , where z G C([0, 1],C) is any path such that = Zj for i = 0,1. 
By regularity of $ this map is well-defined. We denote (E,u,W,<&)/C := 
(E^,ujy, W\qy\Ci ^\dT\c) £ Assume that £ = [0, 1) x S* 1 , there exists 

a vector space V such that E = £ x V, and w is constant. For every point 
z G 6* 1 define : E' x F ^ F' by z ^v := [i, z, $ z ZQ v]. These maps induce 
on E' the structure of a (trivial) vector bundle over £'. In the general case we 
equip F' with the vector bundle structure that restricts to the structure of E 
on £ \ 9£ and is given as above on collar neighborhoods of the components 
of the boundary. The form lo induces a fiberwise symplectic form u/ on 
E'. We denote by C flat (-Y, (E, w)|[o,i] x as) the set of all pairs (W, where 
W C £ is an cu-coisotropic subbundle, and G T(Af, W^^w)- 

Let X be a topological manifold and X C C([0, 1], A) be an admissible 
subset. We call <& G T(X,E) regular iff $>([x]) = id for every x & X satis- 
fying x(0) = x(l). For a symplectic vector bundle (E,ui) over an oriented 
topological surface £ we denote by ci(F, w) its first Chern number. 

Theorem 24 (Properties of the coisotropic Maslov map for bundles). The 

following statements hold. 

(i) (Naturality) //£,£' G S, (E,w,W,&) G f s , (F',u/, W, <&') G 
and ^ G Iso(w, a;') is 
m ff (£»',$'). 
(mJ (Direct sum) For every E G 5 and (F, a;, W, 3>), (E',u',W',&) G £s 
we /iai>e 

m J] (EeE',Loeuj',WeW',^e^') = m E (S,w, W,$) +m J] (E',u}',W',&). 

(Hi) (Homotopy) Let E G 5, (E,lo) be a symplectic vector bundle over 
[0,1] x E, and (W, *) G C flat ((F, w)|[ ,i] X 8e)- T/i en ifre map [0,1] 5 

i i-> m s ((F,a;)| {t}xS ,PF| {t}xaE ,$|n({t}x3E)) constant, 
(iv) (Weak homotopy) Fei E G S, (E,uj) be a symplectic vector bundle 
over [0,1] x £, Af := {t ^ (a,z(*))|a G [0,1], z G C([0, 1], <9£)}, 
and (W,$) G C flat (Af,(F,a;)| 

[o,i]x5e)- F/ien i/te map [0,1] 3 t i-» 
m s ((F,a;)| {t}xE ,PF| {t}xas ,$|n({t}x9E)) ^ continuous. 
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(v) (Splitting) LetT, G S, C C £\<9£ be a closed curve, (E,u,W,$) G £ s 
and G C flat ((£,u;) c ). T/iera 

(11) m(£, w, W, $) = m(prg* (£, w , (W, $) ]J(W, $')))■ 

(wj (Lagrangian case) //£ G 5 anc? (£*, u>, W) G £|j then m^(E,uj,W,0) = 
m%(E,u,W). 

(vii) (Full case) Let E G 5 and (L 1 , w, W, $) G <?£. Assume that there 
exists C G C(<9E) suc/i i/iai VF|c = * s regular. Then 
m(E,w,W,$) = m({E,w,W,$)/C). 

(viii) (Quotient) Let (E,lo) a symplectic vector bundle over O, W C L 1 a 
coisotropic subbundle, and $ G T((W (i) , u;w)|si). TTten m(E, u, W\$i, $) = 
m(W u} ,uJw, W u \ s i,$). 

(ix) (Regular case) Lei £ G S and (E,lu,W,Q^ G £e be such that <3? is 
regular. Then mj;(£,u,W,$) G Z. Furthermore, if W is orientable 
then this integer is even. 

(x) (Lagrangian embedding) Lei (£", u, W,<&) G £b a^-d (V',uj') a sym- 
plectic vector space. Assume that there exists a surjective homomor- 
phism ^ : W — > S 1 x V such that ^*uj' = lo and the following holds. 
Denoting by : — > S 1 x V' the map induced by ^, we have 
(*w)*(i)$([«D = (*w)*(0), V every z G C([0, 1], S^). T/ien the 
following equality holds. We define E := E © (5 1 x V'),uj := cj © 
(-u/), W := {(z.v,**!;) | T/ien m D (.E,w, W,$) = 
m o (E,u,W,0). 

This result is proved in Section 4.1 (page 30). The trickiest part is the 
proof of property (iii). It is based on the invariance under homotopy of 
mdY,,u '■ C (<9E x V,oj) — > E, where (V,u;) is a symplectic vector space. 
This follows from Proposition 27. 

Proof of Theorem 19. Statements (i,ii,iii,iv,v,vii) follow from Theorem 24(i,ii, iii, iv,v,vi). 

To prove statement (vi), assume that N is regular. Let u G C(£, M; iV, w). 
We choose a symplectic vector space ( V, of dimension dim M, and ^ G 
Iso(E x V,Sl;u*(TM,u)). We define (W,$) := * o u\* di: (TN, hol JV ' w ). It 
follows from regularity of iV that hob^ is regular. (See [Zi], Lemma 15.) 
Hence (vi) follows from Theorem 24(ix). 

We prove assertion (viii). We define 

{&,«/) :=u*{TM,u), {W',&) :=u\ dJ: \ c *(TN,hol N nU(CxT Xo M,ia Txo M), 
(E,Z) :=u*{TM,u), (W,$) := u\* 9 ^ c (TN, hob^). 

We have m,M,u,N(u) = m(E, uj, W, $). Furthermore, since u\* c (TN, ho\ N,UJ ) = 
(CxT X0 N, idT XQ N), it follows from the definitions that mM,u>,N(u) = m(E', u>', W', $'). 
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On the other hand, the map E 3 ([z],v) i— > [z,v] G E/<&'\c is an (u, u'/$'\c)- 
isomorphism that is the identity outside the point C G S := S/C, and 
hence carries (W, <J>) to (W, $')/C. Therefore, Theorem 24(i,vii) imply that 
m(E,u,W,$) = m((E',uj f ,W f ,<S> f )/C) = m(E', u', W, $')■ It follows that 
m M ,u>,N(u) = m M ,uj,N{u). This proves (viii). 
We prove assertion (ix). We have 

m M ^N{u) = m(u*(TM,uj),u\* sl {TN,hol N,u} )) 

= mfrpiNu),^)^ 1 xT v(1) N u ,idT ull) N u ) 
(12) = 2c 1 (u'*(T(N UJ ),u N ))=2c^' WN (u'). 

Here in the second equality we used Theorem 24(viii), in the third equality 
we used Theorem 24 (i), and in the forth equality we used Theorem 24(vii). 
Assertion (ix) follows from this. 

We prove assertion (x). Let a G [D, S 1 ; M, N u ]. We choose a rep- 
resentative u G C(D, M; N, u) of a. The claimed equality follows from 
Theorem 24(x) with (£,w,W,$) := u*(TM, uj, TN, hol N,UJ ) and (F',u/) := 
(T NuW (N u ),(u N ) Nu[1) ), using the map * : u\* sl TN -» S" 1 x V' given by 
:= (z, (7TAr)*u). 

This proves assertion (x) and completes the proof of Theorem 19. □ 

For the proof of Theorem 24 (ii) we need the following. 

Remark 25. Let X be a compact oriented curve, (E,u) and (E',uj') sym- 
plectic vector bundles over I, $, f £ T (E, u) and f'eT (£", u'), with ^ 
and^' regular, r/jenrnx,^^®^',*®*') = $)+mxy(*', *')• 

T/tis follows from Proposition 42(1LJ. 

For the proof of Theorem 24(iii,iv) we need the following. Let X be a 
closed oriented curve. We denote by -it : [0, 1] x X — > X the canonical 
projection. For s G [0, 1] we denote by t s : {s} x X — > [0, 1] x X the 
inclusion. We define X := {t ^ (s,z(t)) \ s G [0,1], z G C([0, 1], X)} . Let 
(-E, cj) be a symplectic vector bundle over X. 

Lemma 26. Zei IF C tt*E be an ir*oj-coisotropic subbundle, and 3>o G 
T(it*(E,uj)) a regular transport. The following assertions hold. 

(i) Let $ G T(II([0,1] x X),W u ,uw). Assume that * G T(II([0, 1] x 
X),E,u>) is such that t** is a lift of l* s §, /or ewery s G [0,1]. JTien 
i/ie map [0, 1] 9 s i— > mx iW (^, (-*$o) G IR is constant. 

(ii) Let <3? G T(X,W u1 ,luw)- Assume that *S> G T(X,E,uj) is such that 
l*^> is a lift of l*<&, for every s G [0, 1]. Then the map [0, 1] 3 s \— > 
m-x,uj (^s^) 4 s^o) G R is continuous. 
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For the proof of Lemma 26 we need the following. 

Proposition 27. Let (V,u) be a symplectic vector space, X a topological 
manifold, (W, $) G C flat (X x V, w) , x G C([0, 1] x [0, 1], X) and ^ G C([0,l]x 
[0, 1], Aut(u;)) be such that x(s,0) = x(s,l), ^f(s,t)W x ^ s ^ = W x ( Sjt ) and 
*M)w x(s , 0) = $([x(s,-)|[o,t]]), /ora,t G [0,1]. Then the map [0,1] 9jh 
^(^(^(s, •)) G IR is constant. 

For the proof of this result, we need the following. 

Proposition 28. Lei W C V be a coisotropic subspace and ^ G Iso(cj) be 
such that = W. Then 

(13) pU^) = ±Pu Jw {^w). 

Furthermore, if det(&\w) > then pu,{^) = pu, w {^w)- 

For the proof of Proposition 28 we need the following. 

Lemma 29. Let (V,oo) be a symplectic vector space, W, W C V Lagrangian 
subspaces and * G Iso(cj). Assume that W + W = V , = W and 

^W' = W. Then p u (V) = ±1. // a/so det(*|w) > tfien p u (V) = 1. 

Let V and Pv^ be real vector spaces and VP G Hom(y, W). We denote by 
. yC _^ p^c com pi ex linear extension. HV = W and this space has 
dimension n then for every A G C we denote E$ := ker((A - ^ c ) n ) C V c . 
Let now (V,u) be a symplectic vector space, * G Iso(o>) and A G S" 1 \ {±1}. 
We define 

m+(a>, VP, A) := max { dime W | W C £^ complex subspace, 9c<j(z;, u) > 0, G M^} 

The following remarks are used in the proof of Lemma 29. 

Remark 30. We have m + (—uj,^,X) = m + (uj, VP, A). This follows, since 
the map — > dmu, is a real isomorphism. 

Remark 31. // V' is another vector space and $ G Iso(V', V) £/ten m + (<I>*a>, <I) _1 ^'$ 
m+(a>, VP, A). This follows from the fact = -E$. 

We define to* to be the symplectic form on V* defined by u*((p,ip) := 
<p(w), where w G V is determined by w(u>, •) = ^. 

Remark 32. The map := (vP*)^ 1 is lo* -symplectic, and the map uj# : 

V — > V* defined by tu#v := a;(v, •) satisfies uj^(uj* , VP~*) = (a;, ^). 

Let now W be a finite dimensional vector space. We define the canonical 
symplectic form u; 147 on V := W®W* by lo w ((v, tp), (v',<p')) := (p'(v)-ip(v'). 
Furthermore, we denote by l w : W — > M^** the canonical isomorphism, and 
define the map <&w -V ^V* hy $w(v, tp) ■= {tp, i w v). 
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Remark 33. We have l^w 1 *" = u w . Furthermore, if * G Aut(u; w ) is 
such that $>W = W and ^W* = W* then = ™s /o/Zows 

/rom i/ie /act = ■ 

Remark 34. Let V be a real vector space and G End(F) 6e swc/i that 
det^ > 0. For A G C we denote by m($, A) € N U {0} i/ie algebraic mul- 
tiplicity over C of X as an eigenvalue of <£. Then X^Ae(-oo o) m (^> A ) * s 



Proo/ o/ Lemma 29. We define the map $ : F =J V J&W' -> W © VF* by 
&{w,v/) := («;,-(ci;#«;')|w)- Then the tuple (V, W, W'.w, tf) := (W © 
W*,W,W , *,c«; M ',$tf$- 1 ) satisfies W + = V, = W, VW' = W 1 and 
det^|vK = det^l^. Hence by (Naturality) for p, we may assume without 
loss of generality that V = W © W*, W = W* and uj = tu w . 

Let A G S* 1 \ {±1}- Remarks 33 and 31 imply that m+(u;,\I/,A) = 
m+(u w , 'I' - *, A). On the other hand, u> w * = — (uj w )*, hence by Remarks 
30, 31 and 32, we obtain m + {uj w * , * - *, A)_= m + (uj w ,^,X) = m+(oj,W,\). 
It follows that m+(u;,\I/, A) = m+(u;, A), and therefore by Lemma 43 
p u {V) = ±1. 

Assume now also that det(\l/|jy) > 0. We have ^>\w* = ^Iw* an d 
det^|^* = (det ^Ivk)^ 1 > 0. Hence by Remark 32, 

J2 m(tf,A)= ^ m(*| w ,A)+ ^ m(*|w, A) € 4Z. 

Ae(-oo,0) Ae(-oo,0) Ae(-oo,0) 

It follows now from Remark 44 that Pu;(*) = 1- This proves Lemma 29. □ 

Proof of Proposition 28 . Assume first that there exists a coisotropic sub- 
space W 1 C V such that 

(14) dim W' = dim W, W + W"" = V, = W'. 

We define U := W D W. Since tfW = W, we have = W", and 

since \PW' = W', we have ^W >UJ = W ,UJ . Furthermore, by an elementary 
argument, we have 



even. 



(15) 



u u = w w + w 



It follows that W 



U w and hence $>U = U. 




Proof of Claim 1. By an elementary argument, we have 

w' n w w = (w^ + w) w = {o}. 
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Here in the second equality we used the facts W' wul = W and W ,u) + W = V. 
It follows that 

(17) u n w u = w' n w w = {0} 

Claim 2. We have 

(18) U + W u = W. 

Proof of Claim 2. By (17) and the facts U C W and W u C it suffices 
to show that 

(19) dimtZ + dimW" > dimW: 
To see this inequality, observe that (15) implies 

dim V — dim J7 = dim U w 

< dimW" + dimW'" 

= dimW + dimV - dimW'. 

Since by (14) we have diml^ = dim W', inequality (19) follows. This proves 
Claim 2. □ 

Claim 1 follows from (17) and Claim 2. □ 

Claim 1 implies that the map (16) is a linear symplectic isomorphism. It 
follows that U and hence U u are symplectic subspaces of V. Since they are 
invariant under ^, the (Product) property in Proposition 42 implies that 

(20) Pu (V) = p^Wrfp^Wu*). 
Furthermore, the (Naturality) property in Proposition 42 implies that 

(21) p u \u(*\u) = Puwi^w)- 

Since and W ,u) are complementary Lagrangian subspaces of U w that 
are invariant under ^, it follows from Lemma 29 that Poj\ uw (^\u u ) = ±1- 
Combining this with (20) and (21), equality (13) follows. 

Assume now that det\l/|vF > 0. Since ^>\w = *&\u © ^\w^ and ^\u £ 
lso(u\u), it follows that det^lvt^ > 0. Hence Lemma 29 implies that 
Pw\ uu (^\u w ) = 1- Combining this with (20) and (21), we obtain p^(^) = 1. 

Consider now the general case, in which we do not assume that a subspace 
W' C V satisfying (14) exists. We choose a coisotropic subspace W' C V 
such that dim W = dim W and W + W ,U) = V, and denote V := W n W, 
V X :=W W and V 2 := W' w . As in the proof of Claim (1) it follows that V is 
the direct sum of the V^'s. We define Pi : V — > V{ to be the linear projection 
along the subspace (Bj^iVj, and we denote := Pj\l/|y^, for i,j = 0, 1,2. 
We fix t £ M and define, using the splitting V = ©$=0,1,2^1 j 

(22) := I t* 10 *n i 2 *i 2 I : V -> V. 
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Claim 3. We have * x = 

Proof of Claim 3. Since WW = W, we have \£ 2 o = 0, and since = W u , 

we have \I>oi = *2i = 0. Hence ^ has the form (22) with t = 1. This proves 

Claim 3. □ 

Claim 4. The map & is an uj -symplectic. 

Proof of Claim 4. Since is symplectic, we have for wo G Vo, W2 S V2, 
(23) = uj(v ,w 2 ) = uj(^v ,^w 2 ) = uj(^ 00 vo, ^02W 2 ) + w(^iofo, ^22^2)- 

Furthermore, for v 2 ,w 2 € V 2 , 
(24) 

= Oj(v 2 ,W 2 ) = Uj(^ 02 V 2 ,^02W 2 ) + Uj(^l 2 V 2 ,^ 22 W 2 ) + UJ(^ 22 V 2 , ^1 2 W 2 ). 

Hence, for every v = vo + v\ + v 2 , w = wo + w\ + w 2 G V = Vq @ Vi © V 2 , 

u{^V, **w) = Uj(^ 00 V , *OO^o) +Uj(y il V 1 ,ty 22 W 2 ) + Uj(^ 22 V 2 , ^ll^l) + 

t^(*oo«o, ^02^2) + v (^o 2 v 2 , ^00^0) + 

^(^lO^O, ^22^2) + W (^22^2, ^lO^o)) + 

+t 2 (^f 02 v 2 ,^o 2 w 2 ) + u(^i 2 v 2 , ^ 22 w 2 ) + Uj(^' 22 V 2 ,'^l 2 W 2 

= iv(ty l v,$> 1 w) + (t - 1)(0 - 0) + {t 2 - 1)0 
= uj(v,w). 

Here in the second equality we used equalities (23) and (24), and in the last 
equality we used Claim 3 and the fact that ^ is symplectic. This proves 
Claim 4. □ 

Claim 5. We have 

Proof of Claim 5. We denote by <x($) the set of eigenvalues of an endomor- 
phism of any vector space. We define 

S := { ± n A6CT( * 0)n5 i A m * I m x e {0, . . . , dim V}, for A e a(V )} C S 1 . 

The block form (22) implies that det(Al - **) = det(Al - *°). Hence 
cr(**) = a^ ). Therefore, by the formula (29) of Lemma 43 we have 

f(t) := P U^)eS. 

By Proposition 42 the map p^ : Iso(cj) — > S* 1 is continuous, so the same 
holds for the map / : M. — > S. Since the set S 1 is finite, it follows that / is 
constant. This proves Claim 5. □ 
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Since W = Vo © Vi and ^° leaves the subspaces Vi invariant, we have 
\&°W' = W. Therefore, by what we already proved, Pu($°) = ±p UJw (^w)- 
Combining this with Claims 3 and 5 and the fact = we get 

p w (^f) = ±p Ww {^w)- Similarly, if det 9\ w > then it follows that Pu,(*) = 
Pu w {^w)- This proves Proposition 28. □ 

Proof of Proposition 27. Consider the map / : [0, 1] x [0, 1] — > S 1 C C, 
f(s,t) := $([x(s, -) | [o,t] ) - Lets G [0,1]. Proposition 28 implies that p u (^(s, 0)) = 
±f(s, 0) = ±1. Since *(s, l)W x{sA) = W x{sA) and *(s, l)w x(ML = ■)])> 
Proposition 28 implies that p UJ (^(s, 1)) = ±f(s, 1). We define x : [0, 1] — ► X 
to be the concatenation of the paths [0, 1] 3 t i— > x(s(l — i),0), x(0, •) and 
[0, 1] 3 t <—> x(st, 0). Then x is homotopic with fixed endpoints to x(s, •), and 
therefore $([x(s,-)]) = = $([x'])$([x(0, •)])^([^']) _1 - By naturality 

of p, it follows that f(s,l) = /(0, 1), and hence p w (*(s, 1)) = ±/(0, 1). 
Combining this with the equality p a ,(*(s,0)) = ±1, it follows that the map 
[0, 1]9sh m(*(s, •)) is constant. This proves Proposition 27. □ 

Proof of Lemma 26. Statement (i) follows from Proposition 27, and state- 
ment (ii) follows from an elementary argument. This proves Lemma 26. □ 

For the proof of Theorem 24 (v) we need the following remark. We denote 
by ujq the standard symplectic form on M 2ri , and by Sp(2n) = Aut(cuo) the 
linear symplectic group. We identify S 1 = M/Z. 

Remark 35. We define m : C(S\Sp(2n)) -» Z by m (*) := m wo ([0, 1] 3 
t i— > + Z) G Sp(2re)) /2 € Z. 77ns map equals the usual Maslov index of 
, as defined for example axiomatically in the book [MS]. To see this, note 
that on U(n) = Sp(2n) n 0(2n), rriQ agrees with the map mo constructed in 
the proof of Theorem 2.29 in that book. Furthermore, Sp(2n) deformation 
retracts onto U(n) (see Proposition 2.22 in [MS],). Since too and fho are 
invariant under homotopy, the statement follows. 

Lemma 36. Let X be a topological space, Y C X, (E, w) a symplectic vector 
bundle over X, <& : Y x Y — > GL(u;) a morphism of topological groupoids 
whose composition with the canonical projection GL(cj) — > X x X is the 
identity, and (V, Q) a symplectic vector space of dimension rankE. If there 
is a homeomorphism f : [0,1] x7 -t I such that /(0,x) G Y, for every 
x G Y, then there exists \£ G lso(X x V, Q; E,u) such that <&%'^ x = , for 
every x, x' G Y . 

Proof of Lemma 36 . Assume without loss of generality that 7 / |. We 
choose a homeomorphism / : [0, 1] x Y — > X as above, a point xq G Y, and 
£ teo{V,£l;(E,u)\ X0 ). We denote by pr : [0, 1] x Y — > Y the canonical 
projection. By Lemma 60 there exists \I> G Iso (pr* f*(E,co), f*(E,uj)) such 
that$| {0}xy = id. We define * : XxV ^EbyV x := ^"'W^^^o : 
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V — > E x , for x G X. This map has the required properties. This proves 
Lemma 36. □ 

The next remark will be used in the proof of Theorem 24(v). Let X be 
a closed oriented curve. We denote by X the curve X with the opposite 
orientation. 

Remark 37. Let (E,uj) a symplectic vector bundle over X and G 
T(E,u>), with Q regular. Then m-^- (\P , $) = -mjf iU ($,$). This follows 
from directly from the definition. 

For the proof of Theorem 24(viii) we need the following. 

Lemma 38. Let X be a closed oriented curve, (E,uj) a symplectic vector 
bundle over X, W C E an uj-coisotropic subbundle, and G T(E,oj). 
Assume that and * Zeawe W invariant, and that $ is regular. Then 
m x ,u,(*,$) = m Xw (%,%). 

Proof of Lemma 38. Without loss of generality we may assume that X is 
connected. We choose z £ C([0, 1],-X") such that z(0) = z(l) and the map 
S 1 ^ [0, l]/{0, 1} 3 [t] i * G X has degree one. For s G [0, 1] we define 
z s G C([0,1],X) by z a (t) := z(st). We define F : [0,1] -> Autu; z(0) by 
F(s) := <J>([z s ]) _1 ^([z s ]). Since F(0) = id and F is continuous. It follows 
that det-F(s) > 0, for every s G [0,1]. Hence Proposition 28 implies that 
Poj(E(s)) = Pui w (F(s)w zm )i for every s G [0,1]. The statement of Lemma 
38 follows. □ 

For the proof of Theorem 24 (ix) we need the following. 

Lemma 39. Let X be a closed curve, (E,u>) a vector bundle over X, and 
<fr,\l/ G T{E,u), with <3? regular. Assume that there exists a coisotropic 
subbundle W C E that is invariant under Vl/ ; such that is regular. 
Then mx iU ($,$) G Z. Furthermore, if there is an orientable such W then 
m x ,u,(*,i) G 2Z. 

Proof of Lemma 39. Let X, E, oj, and IF be as in the hypothesis. We 
choose a path z G C([0, 1],X) such that z(0) = z(l) and the map 
[0, l]/{0, 1} 9 [i] i— > z(t) G X has degree one. By our regularity assumptions, 
we have 3>([.z]) = id and Vl/wQ-z]) = id. Hence by the first assertion of 
Proposition 28, we have ^(^fl*])" 1 * ([*])) = ± PoJw (V w ([z])) = ±1 G S 1 . 
It follows that m x ,u,(*, $) G Z. 

To prove the second assertion, for s G [0,1] we define z s G C([0, 1],X) 
by z s (t) := z(st). We define S 1 to be the set of all s G [0,1] such that 
*([z s ]) maps the orientation of W z ^ to the orientation of W z ^ s y This set 
is non-empty, since G S, open and closed. It follows that S = [0, 1], and 
therefore det^([z]) > 0. Therefore, by the second assertion of Proposition 
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28 we have ^(^fl*])" 1 *^])) = A^ (0) (*([z])w, (0) ) = 1 G S 1 . It follows 
that m^($,$) G 2Z. 
This proves Lemma 39. 

□ 

For the proof of Theorem 24(x) we need the following lemma. Let X be a 
closed curve, (E, u>) a symplectic vector bundle over X, (V' , to') a symplectic 
vector space, W C E 1 an o;-coisotropic subbundle, <3?o G 1~(E,uj) a regular 
transport, and F : If ^ I x V a surjective homomorphism such that 
F*a/ = We denote by Fyy ■ W w — ► £" the map induced by i 7 . We 
define $ G r(W w ,wwO *([*]) := (iV^W^o), £ := £ (S*x V), 
uj := lo © (-a;'), and PF := {(z,t>,Ft>) | z G C, w G VF}. Then W is an 
u;-Lagrangian subbundle of E. Furthermore, we define <E>q G T{X x V', u/) 
to be the trivial transport <£q = id, and $ := $o © $o G T(E,uj). Let 

* G T(£, w)bea lift of (W, We define $ := * © $(, G T(£7, ui). Then 

* is a lift of (W,0). 

Lemma 40. IFe /icwe $>o) (*,$o)- 

Proof of Lemma 40. This follows from a straight-forward argument. □ 

4.1. Proof of Theorem 24 (Properties of the coisotropic Maslov 
map for bundles). 

Proof of Theorem 24. Assertion (i) follows directly from the definitions 
and assertion (ii) from Remark 25. Assertions (iii,iv) follow from Lemma 
26 and Theorem 9(iii,iv). 

To prove statement (v), let E, X, E, uj, W, <£, W and <J>' be as in the 
hypothesis. Without loss of generality, we may assume that E is connected 
and We choose a symplectic vector space (V, 17) of dimension rankE. 

Assume first that <9E 7^ 0. We choose ^ G Iso(E x V,Q;E,u). We define 
$ := (pr|)** G Iso(S x x V,Q; (pr x )*(£, a,)) . 

Claim 1. We have m x s n (**pr|'(^', $')) = °- 

Proof of Claim 1 . Without loss of generality we may assume that X is con- 
nected. We denote by X\ and the two connected components of pr x (X) C 
Ex- We denote by / : X\ — > X2 the unique map such that pr^|xj = 
prjp o f. Furthermore, for i = 1,2 we define (Wj, $«) := **pr x *(W, 
Then /*(W2,$2) = (Wi,$i). Furthermore, the canonical orientation of X± 
(induced by the orientation of Ex) is opposite to the pullback under / of 
the canonical orientation of X-i- Therefore, Claim 1 follows from Remark 37 
and statement (i). □ 
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Using Claim 1, it follows that 

m((pr|)*(£, u, (W, $) \\(W> , <&'))) 

= m aSx! a(**prF ((W, $) JJ(W, $'))) 

= m 9Ei n(**(W,$))- 

Since m^(**(W,$)) = ms(£,w,W,$), equality (11) follows. 

Assume now that dT, = 0. We choose a connected closed curve X' C S\X, 
such that Ex' is disconnected. We denote by Xl and X 2 the connected 
components of Sx'> and by / : X\ — > X2 the canonical map. We also choose 
a trivialization * G Iso(£x' x M 2 ™, w ; w) . We define ^ : Xi — > Aut(w ) 
by ty(z) := Furthermore, we define tuq as in Remark 35. As 

explained in the proof of Theorem 2.69 in [MS], we have c\(E, to) = mo(^ r ). 
(That theorem is stated for smooth surfaces, however, the proof carries over 
to topological surfaces.) We define $" € T({E,uj)\x') to be the unique 
transport such that pi%*$"([z\) = for z € C([0, 1], Xi). It 

follows that 
(25) 

P X ' ^ Jj -\ ^(/^^(l)))- 1 *^- 1 ^))), forz€C([0,l],X 2 ). 

We choose z E C([0, 1],X2) such that the map z(0) = z(l) and the map 
S l = R/Z 9 t + Z 1— > z(t) G A2 is an orientation reversing homeomorphism 
(with respect to the orientation on X2 induced by the orientation of 

Equality (25) implies that -i(x') wo (^*P r A'* < ^"Ui) = and 

ra I ^ # - i (^(** pi ^' V|jfa ) = - 2m o(^°r 1 oz)- 1 9(r 1 (z{o)))) 

= -2m ((* o f- 1 o z)- 1 ) 
= 2mo(*). 

It follows that 

(26) m(pr|/(£,u,,£| x ,,cl>")) = "V*,-^),^ (*V|'V') = 2 ™oW- 

On the other hand, using the canonical identifications (Y,x>)x — ^x\JX' = 
(Sx)x'j by what we already proved, we have 

m{pr xl *(E,u>,E\ x ,,<!>")) = m(pi xux ;(E,u J ,(W',^)l[(E\x', $"))) 

= m( V v x *(E,u,W, $'))• 

Combining this with (26) and the fact rao('I') = ci(E,lj), equality (11) 
follows. This proves statement (v). 

We prove (vi). For each natural number n we denote by ujq and Jo 
the standard symplectic form and complex structure on R 2ra , and by R(n) 
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the set of all totally real subspaces of M 2n , and for Wo G R(n) we define 
PWo : R(n) -> S 1 by p Wo (W) := det(^) 2 /| det(*)| 2 , where * : C n = R 2n -» 
C n is a complex linear map such that VP Wo = W. For a closed oriented 
topological curve X and a map W G C(X, R(n)) we define m real (W) := 
deg (<9£ 3 z i ^ Pw o (^( )) € S" 1 ), where Wo G i?(n) is arbitrary. Let 
£ G 5. We define £ff al and m£ al : £ff al -► Z as in the paragraph before (32) 
in the appendix. Let (E,lu,W) 6 We denote In := ranlcE. We choose 
* G Iso(SxM 2 ™,ljo;^,w), and define W : <9£ i?(n) by W'(z) := ^\g^W z 
and view this also as a subbundle of <9E x ]R 2n . By [MS], the (Isomorphism) 
condition in Theorem C.3.5. and the (Trivial bundle) property in Theorem 
C.3.6., we have 

m%(E,w, W) = m r E cal (£,^*J ,W) = m s (S x R 2n , J , W') = m(W'). 

On the other hand, m^(E,u,W,0) = m^xM. 2n ,uj , W, 0) =mg EtUO (W',0) 
Therefore, (vi) is a consequence of the following claim. 

Claim 2. We have m(W') = msn m {W',G). 

Proof of Claim 2. We fix a connected component X of dT,. We choose a 
path z G C([0, 1],X) such that the map S" 1 = R/Z 3 t + Z ^ z(t) G X 
has degree one. We denote by U(n) C C™ xri and O(n) C ]R™ xri the unitary 
and orthogonal groups. Note that G(ooo,n) is the Grassmannian of La- 
grangian subspaces of M? n . For every Wo G G(u>o,n) the map U(n)/0(n) 5 
\l/0(n) i— > \I/Wo G G(wo,«) is a well-defined diffeomorphism. Since the 
map U(n) — > U(n)/0(n) is a smooth fiber bundle, setting Wo := W^(o)' 

it follows that there exists a path * G C([0, 1], U(n)) such that $(0) = 
id and ^(t)W' z ^ = W' z ^, for every t G [0,1]. By definition, we have 

m d ^ :UJo (W',0) = m(tf) = 2a([0,l] 9 t ^ /»«oW))) ■ Let t G [0,1]. Since 
^(t) G U(n), by the Determinant property of pu we have p^ (^(t))) 2 = 
det(^(t)) 2 = Pw' z(0) (W' z{t) ). Claim 2 follows. □ 

We prove (vii). Let S, £7, w, W, $ and X be as in the hypothesis. Without 
loss of generality we may assume that X is connected. Assume first also 
that £ is homeomorphic to [0, 1] x X. We choose a symplectic vector space 
(V, Q) of dimension r&nkE. Since is regular, we may apply Lemma 36 with 
(X,Y) := (T,,X) and $ replaced by the map X x X 3 (z ,zi) i-> $([z]), 
where z G C([0, 1],X) is an arbitrary path satisfying z(i) = Zj, for i = 
0, 1. It follows that there exists * G Iso(S x V, Q; E,uj) such that = 
for every z G C([0, 1],X). We define : S/X x F ->■ £/$ by 
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:= [z,i& z v]. It follows that 

m(E,w,W,&) = m n (tf*(W;$)) 

= mn{V'*(W,<!>)U\x) 
= m((E,uj,W,<f>)/X). 

Here in the second step we used the fact that ^c&lcQz]) = id : V — > V, for 
every z G C([0, This proves the statement if S is homeomorphic to 
[0, 1] x X. 

In the general case we choose a curve I'CE such that Y,x> is the disjoint 
union of two surfaces So and Si, such that Si is homeomorphic to [0, 1] x X. 
By statement (v) we have 

m(E,u,W,&) = m((E,LU,W,<S>f) 

(27) = m((E,u,W,$)*'\v )+m((E,Lj,W,$)*'\v 1 ). 
By what we already proved, we have 

(28) m((£,w,W,$)*'| El ) =m({E,u,W,<S>f'\x 1 /X). 

Using again statement (v), we have m((E, lo, W, <&)*' \j: )+m((E, u>, W, $)*' |si 
m((E,u,W,$)/X). Combining this with (27,28), statement (vii) follows. 

We prove assertion (viii). We choose a symplectic vector space (V, fi) of 
dimension ranki? and a coisotropic subspace W° C V of dimension rankW. 

Claim 3. There exists * G Iso(D x V, Q; E, u) such that *(D x VP ) = W. 

Proo/ o/ Claim 3. We choose an arbitrary \I/ G Iso(B x V, f2; E, u) and define 
W := V-iW CDxKWe choose a map f G Aut(fi) such that / IU° = Wb- 
It follows from Lemma 11 and the homotopy lifting property for smooth 
fiber bundles that there exists / G C(D,Aut(fi)) such that f(z)W° = W z , 
for every z G D. We define ^ := Claim 3 follows. □ 

We choose ^ as in Claim 3. The assertion (viii) follows from Lemma 38 
with u, W, replaced by f2, W°, '!'*$. Assertion (ix) follows from Lemma 
39. 

We prove assertion (x). We choose a symplectic vector space (V, fi) 
of dimension vankE and / G Iso(B x V, fl; E, . Then the hypotheses of 
Lemma 40 are satisfied with X := S 1 and W, $ replaced by f2, /|^ (W, $). 
We denote W := { (z, /v, ^ffv) | G H^}. By the conclusion of Lemma 

40 we have m s i q (/|^i (W, <&)) = msi nffiu'l^i 0). Combining this with 
Lemma 17, it follows that m(E,uj,W,$) = m s i jU! (W, $) = m^i wew /(W, 0). 
This proves assertion (x) and completes the proof of Theorem 24. □ 
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Appendix A. Auxiliary results 



The following result was used in Section 1. 

Lemma 41. The winding map a : C([0, 1],R/Z) — > R is continuous. 

Proof of Lemma 41. We denote by d the standard metric on R/Z. By 
Lemma 63(iv) C([0, 1],R/Z) is metrized by the metric d' defined as in (50). 
Let z G C([0, 1],R/Z). We denote by vr : R -> R/Z the canonical projec- 
tion. We choose a path zo G C([0, 1]>R) such that tt o zo = zq- We define 
the map : Bf' /2 (z ) -► C([0,1],R) by defining ^(z)(t) to be the unique 

point in (zo(t) — l/2,2b(t) + 1/2) such that 7r(<^(z)(i)) = z(i). This map is 
continuous. Furthermore, by Lemma 63(h) the map C([0, 1],R) — > R given 
by z i— ► z(l) — z(0) is continuous. Since a\ Rd > , n is the composition of ip 

1/2 { z °' 

with this map, it is continuous. It follows that a is continuous. This proves 
Lemma 41. □ 

The next result was used in Section 1 for the definition of the map rac^ ■ 
T(C x V,u) -> R. 

Proposition 42. [D. A. Salamon and E. Zehnder, Theorem 3.1. in [SZ]/ 

There is a unique collection of continuous mappings p u : Iso(cj) — > S* 1 (one 
for every symplectic vector space (V, to) ) satisfying the following conditions: 

(i) (Naturality:) If (V,lu) and (V',uj') are symplectic vector spaces, <!> G 

Iso(u;,u/) and * G Iso(cj) then = /9a,(*). 

(mJ (Direct sum:) If (V,u) and (V',u') are symplectic vector spaces and 

$ G Iso(cj) and G Iso(u/) i/ien /Wy($ © = Pu,{®)Pu'{®)- 
(Hi) (Determinant:) If $ G Sp(2n) n 0(2n) i/ien Pw ($) = det(X + iy), 
w/jere X, Y G R nxn are suc/t i/iai 



(^■u) (Normalization:) If $> G Iso(cj) aas no eigenvalue on the unit circle 
then Puj($) = ±1. 

The maps p w in the collection of this proposition are called Salamon- 
Zehnder maps. 

The next lemma was used in the proof of Proposition 28. We fix A G C 
and denote 



(If A is an eigenvalue of then this is the generalized eigenspace of A, 
otherwise it is {0}.) We fix A G 5 1 \{±1} and define We define 





m+(u, A) := max { dime W | W C Ef complex subspace: iuj(v, v) < 0, V0 ^ v G W], 
and we denote m_(\I/) := \ Yl\e(-oo o) dime E\- 
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Lemma 43. The number m^(^) is an integer, and 

(29) p u (V) = Yl \ m+(uJ '*' X) . 

Assail} 

Proof of Lemma 43. This follows from the proof of Theorem 3.1. in [SZ]. 

□ 

Remark 44. By Remark 30 we have 

(30) p_ w (¥) =p w (tf). 
The following lemma was used in Section 1. 

Lemma 45. Let (M,u,G,n) be a Hamiltonian G-manifold, and let £ G S. 
Assume that the action of G on N := // _1 (0) is free. Then ms jWjj[1 = ms,a;,Ar- 

Proof of Lemma 45. Let a € [D, M; iV, w] . We choose a representative u G 
C(B, M) of a, and define # G C(S 1 ,G) to be the unique map satisfying 
u(z) = g(z)u(l), for every z G 5 1 . We choose a continuous symplectic 
trivialization f : B x R 2n -» uTM. We define z G C([0, 1], S 1 ) By z(i) := 
e 2 ™' and $ : [0,1] -» Sp(2n) by *(t) := *~^(z(t))*i. It follows that 

^t-Gs(^) = We define the coisotropic subbundle W C M 2ra by W z := 

V^T^N, and $ := * | * ! hol^ . We have tf^Wi = W z(t) , for every 
t G [0, 1]. Lemma 45 follows now from the following claim. 

Claim 1. We have *(t)wi = $(N[o,t]])> f or every t G [0, 1]. 

Proof of Claim 1: We choose a smooth map / : TN U — > A" such that 
/(0) = u(l) and pr w d/(0) = id. We define / : [0, 1] x TN^ -» iV by /(t, v) := 
</(*(<))/(«). It follows that hol^([uo^| [0)t] ]) = pr N df(t, -)(0) = (^(t)-)r u(1) , 
for every i G [0,1]. This implies that $(N[o,t]D = (*J(l))T„„ (t) Jv(^(t)-)r„ (1) = 
This proves Claim 1. □ 

The following result was used in Section 1. Let (M, a;) be a closed con- 
nected symplectic manifold. Assume that there exists a G M such that [oj] = 
2aci(TM,uj) on [S 2 ,M], and that T fc acts on M with moment map fi. The 
mixed action-Maslov index is a homomorphism / : 7Ti(Ham(M, a;)) — > M, 
where homotopy is taken with respect to the C°°-topology on Ham(M, w). 
It is defined as follows (see [EP]). Let A G iTi(Ham(M 1 uj)). We choose a 
representative ip G C°°(S 1 , Ham(M, u;)) of A. By Floer-theory there exists 
u G C°°(B, M) such that ip z o u(l) = for every z G S 1 . We define 

m(u, </?) G Z as follows. We choose a symplectic vector space (V, f2) of di- 
mension dimM, and a trivialization \£ G Iso(B x V, f2; u*(TM, u)) . We 
define m(u,ip) := m(S' 1 3zh ^~ 1 ii(^ z («(l))^' 1 G Aut(f2)). By a standard 
homotopy argument this number does not depend on the choices of V, Q 
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and ty. We define 1(A) := J n u*lo - f gl F o udO - am(u, (p), where G S 1 
denotes the angular coordinate, and F G C°°([0, 1] x M, R) is the unique 
map whose flow is <p and that satisfies J M F(t, -)uj An = 0, for every t G [0, 1]. 
This number does not depend on the choice of ip and u (see [EP]). 

The exponential map exp : t — > T induces an isomorphism Hom(7Ti(T), R) = 
t*. The action of T on M induces a homomorphism Hom(7Ti (Ham(M, a;)), R) — > 
Hom(7Ti(T),R). We define £ S pec G t* to be the image of —J under the com- 
position of these two maps, and the special fiber N := /x -1 (£ S pcc Q M. 

Lemma 46. If T acts freely on N then for every u G C°°(D, M; N, oj) we 
have / n tt*w = am Bi jv, w ([u]). 

Proof of Lemma 46. Let a G (B, M; AT, a;). We choose a representative 5 G 
C(B,M) of a. We define g € C(5 1 ,G) by u(z) = g(z)u(l). Let | G T C t. 
By definition we have 

(31) !((V,0) = -^V«)H + |"»(«. V^))- 

Furthermore, o u(e 2nit ),£)dt = {fj, o u(l),f) = -/ o (^([S 1 ^ R/Z 9 

( + Zh exp(i£)]) = — /((^{/i a), since «(1) G /U _1 (p S pcc)- Combining this 
with (31), we obtain J u*lo = amo :U1 ^([u]) = amo^ >ul ([u]). Here in the last 
step we used Lemma 45. This proves Lemma 46. □ 

In order to define the collection of maps occuring in Theorem 24, for 
£ G 5 we define £|; cal to be the class of all triples (E, J, W), where (E, J) is a 
complex vector bundle over £ and VF C _E|,g E is a totally real subbundle. By 
Theorem C.3.5. in the book [MS] by D. McDuff and D. A. Salamon there 
exists a unique collection of maps m£? al : £|P al — ► Z, where S 6 5, satisfying 
suitable (Isomorphism), (Direct sum), (Composition) and (Normalization) 
conditions. Let S G 5. We define the map : — > Z as follows. Let 
(E, uj,W) G £ L . We choose a fiberwise complex structure J on E that is 
oj-compatible, and we define 

(32) m^(E,u,W) :=m T ^ l (E,J,W) 

This number is well-defined, i.e. it does not depend on the choice of J. 

In the following we define the linear holonomy along a leaf in a foliation. 
This was used in Section 1, in order to define the Maslov map. Let M be 
a manifold and T a foliation on M, i.e. a maximal atlas of foliation charts. 
We denote by TT C TM and NJ 7 := TM/TJ 7 the tangent and normal 
bundles of J 7 , by pr^ : TM — > A^T 7 the canonical projection, by T x C M 
the leaf through a point x G M, and by R r := {(x, y) G M x M | y G J^} 
the leaf relation. For x G M we write T X T := ^TT) X an d N X T := (NT) X . 
Let F be a leaf of J 7 , a < b, and x G C([a, 6], i 7 ). The linear holonomy of J 7 
along x is the linear map hol x : A^^JF — > N^J 7 , whose definition is based 
on the following result. 
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Proposition 47. Let M, F, F, a, b and x be as above, N a manifold, and 
yo G N. Then the following statements hold, 
(i) For every linear map T : T yo N — > T X ^M there exists a map u G 
C([a,b] x N,M) such that 



(33) u(;y ) = x, 

(34) u(t,y)e T u{a , y) , Vt € [a, 6] , y € N , 

(35) u(t, •) is differentiate at yo, \/t G [a, b], 

(36) d(u(a,-))(y ) = T. 

(ii) Let u,u' G C([a, 6] x N,M) be maps satisfying (33,34,35), such that 

(37) pr^eZ(u(a, -))(y ) = W r d(u'{a, -))(y ). 
Then pr JC "ci(«(6, -))(yo) = pr F d(u'(6, -))(yo)- 



For the proof of Proposition 47 we need the following lemmas. 

Lemma 48. Let X be a connected topological space and R C X x X an 
equivalence relation on X. Assume that every equivalence class is open. 
Then R = X x X. 

Proof of Lemma 48. This follows from an elementary argument. □ 

By a foliation chart we mean a pair (U,ip), where U C M is an open subset 
and ip : U — > R n is a smooth chart satisfying d<p(xo)T Xo F = {0} x R fc , 
for every x € ^- We denote by pr x : R n = R n_fe x R fc — > R n_fe and 
pr 2 : R™ — > R fe the canonical projections. 

Lemma 49. Zei F C M be a leaf of F and (U, ip) a foliation chart. Then 
the subset pr x o ip(U flF) C M. n ~ k is at most countable. 

Proof of Lemma 49. Let (M,F) be a foliated manifold. By definition, the 
leaf topology on F is the topology Tp generated by the sets ip~ 1 ({0} x R fc ), 
where (U, ip) & F is such that <p _1 ({0} x R fe ) C F. It is second countable, 
see for example Lemma 1.3. on p. 11 in the book [Mol]. It follows that 
there exists a countable collection of surjective foliation charts tpi : Ui — ► R n 
(i G N), such that (<^ _1 ({0} x R fc ))- gN is a basis for r£. Let G JF 

Then U Ci F G , and therefore there exists a subset 5 C N such that 
U H F = [j i( z S Ui. For each i G <S compatibility of y> and </?j implies that ^ 
is constant on J7j. It follows that tp^(U n F) C R n ~ fc is at most countable. 
The statement of Lemma 49 follows from this. □ 

Lemma 50. Let M,F, F,a,b, N and yo be as above, and u G C([0, 1] x 
[a, b] x N,F^ be such that (35,37) hold and u(s,i,y$) = u(0,i,yo), for 
every s G [0,1] and i = 0,1. If there exists a surjective foliation chart 
(U,<p) such that u(s,t,yo) G U for every s G [0,1] and t G [a, b\, then 
pr^K0,6,-))(yo) = pr^Kl,6,-))(yo)- 
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For the proof of Lemma 50 we need the following. 

Lemma 51. Let M, J 7 , a, b, N and yo be as above, (U,(p) a foliation chart, 
andu€ C(ja, b] x N, U) be such that (33,34,35) hold. Then pi 1 dipd(u(t, -))(yo) = 
pr 1 dv3d(w(a, -))(yo), for every t G [a, b]. 

Proof of Lemma 51. We choose an open neighborhood V C N of yo, such 
that u([a,b] x V) C U and u'([a,b] xV) QU. Let y G V. Since u([a,b] x 
{y}) = {J~u(a,y)} and P r i ° <P ° &] x {y}) f= M. n ~ k is connected, it follows 
from Lemma 49 that pr x o^o u(t, y) = pr 1 o Lp o u(a, y), for every t G [a, 6]. 
The statement of Lemma 51 follows from this. □ 

Remark 52. Let (U,tp) be a foliation chart and xq G f/. T/ien i/iere exisfc 
a unique linear isomorphism ^ XQ : M. n ~ k — > N XQ {F = T XQ M jT X{) T satisfy- 
ing pr X() = x I' a:o pr 1 d(^(a;o). To see £/ns, observe that the map pi 1 dip(xo) : 
T X0 M — > M. n ~ k is surjective and has kernel T xo T . 

Proof of Lemma 50. For xq £ U we define define *$> xo as in Remark 52. It 
follows from Lemma 51 that 

pr' F d(u(6, -))(yo) = * :E ( 6 )pr 1 ^d(u(a, -))(yo) = * x ( 6 )*J ( 1 o) pr 77 d(«(a, 

and pi^ d(u'(b,-))(y ) = ^ x{b) ^ a) pr^d(u'(a,-))(y ). Using equality (37), 
the conclusion of (ii) follows. This proves Lemma 50. □ 

We will use the following notations and conventions. Let a, b G R. If a < 
6 then we equip the interval [a, 6] with the positive orientation. If a > 
b then we define [a, b] := [b, a] and equip this interval with the negative 
orientation. We call a the initial point and b the end-point of /. Let I 
and I' be closed oriented intervals. We define the equivalence relation ~ 
on I ]J I' by t ~ t' iff t = t' or t is the end-point of / and t' is the initial 
point of I'. Furthermore, we define the connected sum to be the 

oriented topological one-manifold (I]JI')/ ~- Let now X and Y be sets, 
and u : I xY ^ X and u' : I' x Y — > X maps. We define the concatenation 
u#u' : (/#/') xY ^ X by u#u'([t],y) := u(t,y), if * G I, and u#u'{[t], y) := 
y), otherwise. If r > and i G [a, 6] then we denote B r (t) := [t — r, t + 
r]n[a,6]. 

Proof of Proposition 47. We prove statement (i). We define R to be the 
set of all (ti,<2) G [a, 6] x [a, 6] such that for every linear map T : T yo N — > 
T x r tl \M there exists a map u G C ([ii, £2] X-^ Af) such that u(-,yo) = a;|r tljt2 ], 
u(t,y) G ^(t! j for every i G [^1,^2] and y £ N, u(t, ■) is differentiable at 
yoi for every i G [ii,<2], and d{u{t\, )){yo) = T. This is a relation on [a, 6]. 

Claim 1. The relation R is reflexiv and transitive. 
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Proof of Claim 1. To prove reflexivity, let t\ G [a, b]. We show that (<i, ti) G 
R. Let T : T yo N — > T x / t \M be a linear map. We choose local parametriza- 
tions 99 : M n -> AT and V> : M m -> M such that <p(0) = y and ^(0) = x(h), 
and a smooth function p : M n — > M with compact support, such that p = 1 
in a neighborhood of 0. We define u : {ti} x N — > M by u(to,y) := 
^(poip- 1 (y)d^(0)- 1 Tdi P (0)ip- 1 (y)), if y G <p(M n ), andn(ti,y^:= x(ti), oth- 
erwise. This map satisfies the condition in the definition of R with ti = t\. 
This proves reflexivity. 

To prove transitivity, let t±,t2,t3 6 [a, 6] be such that (ti,i2) £ -R and 
(^2,^3) G -R, and T : T yo N —> T X ^M be a linear map. We choose u as in 
the definition of R, and u as in this definition, with t\,ti and T replaced 
by t2,t% and d(u(t2, '))(yo)- Then the map u#v satisfies the conditions in 
the definition of R, with ti,<2 replaced by ti,i3. It follows that (^,£3) G R. 
This proves transitivity and completes the proof of Claim 1. □ 

Claim 2. For every t\ G [a, b] the set S' tl := {£2 G [a, 6] | (ti,*2) £ -Rj ^ 
open. 

Proof of Claim 2 . Let £2 G . We choose a map n G C ( [t 1 , £2] x Af, M) as in 
the definition of i? and a pair ([/, <p), where U C M is an open neighborhood 
of x(*2), and ip : U ^ M. m is a surjective foliation chart. We also choose 
a number e > so small that x(B £ (t 2 )) C J7. Let £3 G B e {t,2)- We define 
i> : [£2,^3] x A' — > M by v(i,y) := v? -1 (<pou(i 2 , y) + v?ox(t) - y?ox(i 2 )) • Since 
x{\t 2 ,H]) Q F and <pox([i 2 , £3]) C R n_fc is connected, it follows from Lemma 
49 that pr 1 o<pox([t 2 ,t 3 }) = pr x oipox(t 2 ). Hence v{t,y) E F u (t 2 , y ) = Fu(ti,y), 
for every t G ^2^3] and y G A 7 ". It follows that the concatenation 
satisfies the conditions in the definition of R, with t\,ti replaced by t 2 ,i3. 
Therefore, ts G St x . This proves that St x is open. This proves Claim 2. □ 

We define R := Rn{(t 1 ,t 2 ) \ (t 2 ,h) G i?}. By Claim 1 this is an equivalence 
relation on [a, 6]. Let ti G [a, 6]. We define S h := {t 2 G [a, 6] | (t 2 ,ti) G R}. 
Interchanging the roles of t\ and t 2 , Claim 2 implies that S 1 * 1 is open. The 
i?-equivalence class of t\ equals n S fl and hence is open. Therefore, by 
Lemma 48 R = [a,b] x [a, 6]. Statement (i) follows. 

We prove assertion (ii). Let u and u' be as in the hypothesis. We define 
R to be the set of all pairs (ti, i 2 ) G [a, b] x [a, b] such that 

pr^(«(ii, -))(yo) = p^diu'ih, -))(y ) =► pr^d(n(i 2 , -))(yo) = pr^u'fo, -))(yo)- 
This is a reflexive and transitive relation on [a, b\. 

Claim 3. For every t\ G [a, b] the set St 1 : = {t 2 G [a,b] | (ti,t 2 ) G -R} is 
open. 
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Proof of Claim 3. We choose e > so small that there exists a surjective 
foliation chart (U,ip) such that x(B e (t\)) C U. Let t 2 G B £ {t\). Lemma 
50 with a,b,u replaced by t±, t 2 , «|[t 1 ,t 2 ] implies that £2 £ S^. This proves 
Claim 3. □ 

We define R := Rn{(t 1 ,t 2 ) \ (t 2 ,h) G i?}. This is an equivalence relation 
on [a,b]. Let h G [a, 6]. We define S h := {t 2 G [a, 6] | (t 2 ,*i) G 
Interchanging the roles of fi and t 2 , Claim 3 implies that S fl is open. Since 
the ^-equivalence class of t± equals fl S** 1 , the hypotheses of Lemma 48 
are satisfied. It follows that R = [a,b] x [a, b]. Assertion (ii) follows. 

This completes the proof of Proposition 47. □ 

We define iV := N^^J 7 and yo := 0, and we canonically identify To {N^-^J 7 ^ = 
Nxta)^- We choose a linear map T : N X ^T — > T x i a \M, such that pr^T = 
id Nx(a) r, and a map u G C°°([a,b] x N X ^T, M) such that (33,34,35,36) 
hold. We define 

horj := p^d(u(b, -))(0) : JV x(a) .F(= T (7V x(a) ^)) -> TV^jr. 

It follows from Proposition 47 that this map is well-defined. Consider now 
the set 

X T := {x G C([0, 1], M) I 3F : leaf of JF : x([0,l]) Cf}. 

We define the map hol^ : Af- 77 -> GL(A r J r ) by hol^(x) := holf . 

Remark 53. T/iis map is a morphism of groupoids. To see this, observe 
that if x : [a,b] —> M is constant then hob 7 / = idiv^jr. Furthermore, If 
a < b and a' < b' are numbers, x G C([a,b],F) and x' G C([a', b'], M) are 
such that x(b) = x'{a'), then hol^ x , = hol^hokj. These assertions follow 
immediately from the definition of the holonomy along a path. 

Denoting by x the map x together with the reversed orientation of [a, b], 
it follows from Remark 53 that hoi? = (hoPj) -1 . 

Proposition 54. The map hol^ is continuous with respect to the compact 
open topology on X^ . 

Remark 55. If xq G X^ is such that there exists a surjective foliation chart 
(U,(p) such that Xo([a,b]) C U then hol^ is continuous at xq. To see this, 
we define ty Xo as in Remark 52. Let x G X T be such that x([a, b]) C U. It 
follows from Lemma 51 that hol x = ^ x ^) ^ x ( a ) ■ This depends continuously 
on x. 

Proof of Proposition 54. Let x G X ^ . We define R to be the set of all pairs 
(ti,t 2 ) G [a, b] x [a, b] such that hol^ is continuous at the restriction s|[ tljt2 ] G 
X^ . It follows from Remark 55 that R is a reflexive relation. Remark 53 
implies that it is symmetric and transitive. Furthermore, Remarks 53 and 
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55 imply that the i?-equivalence classes are open. Therefore, by Lemma 48 
we have R = [a,b] x [a, b\. It follows that hol^ is continuous at x. This 
proves Proposition 54. □ 

Proposition 56. If F is a leaf of T and u G C([0, 1] x [a, b},F) is such that 
u(s, i) = u(0, i), for every s G [0, 1] and i = a,b, then hol^ ^ = hol^ ,y 

For the proof of Proposition 56 we need the following. Let s±, S2, h, t 2 G K. 
We define x SltS2t t lt t 2 to be the concatenation of the paths [si,s 2 ] 3 s *— > 
(s,ti) G E 2 , [h,t 2 ] 3 t i ► (s 2 ,t) G R 2 , [a 2 ,ai] 3 s ^ (s,t 2 ) G R 2 and 
[t 2 ,ti] 3t^{ Sl ,t) GM 2 . 

Remark 57. Let (U,ip) be a surjective foliation chart and u G C([,si,,s 2 ] x 
[ti,t 2 ] -> U n F). Then ho\^ QX3i s2 ti t2 = id Nu(ai<ti)M ■ This follows from 
Lemma 50 and the fact that x SljS2t t lt t 2 * s homotopic in [si,s 2 ] x [ti , to a 
constant path. 

Let F be a leaf of J-, a, b,c,d G R, si G [a, 6], and mgC ([a, 6] x [c, d], -F) . 
We define i? Sl to be the set of all pairs (ti,t 2 ) G [c,d] x [c,d] such that 
there exists e > such that hol^, Xs = idjv„ (si tl) Mj for every s 2 G 

[si — e, si + e] n [a, b\. It follows from Remark 53 that R Sl is an equivalence 
relation on [c, d] . 

Lemma 58. We have R Sl = [c, d] x [c, d] . 

Proof of Lemma 58. By Lemma 48 it suffices to prove that for every t\ G 
[c, d] the R Sl -equivalence class of t\ is open. To see this, let t 2 G [c,d] 
be such that (ti,t 2 ) G R Sl . We choose ei := e as in the definition of 
i? Sl , a surjective foliation chart (£/,<£>) such that u(s\,t 2 ) G [7, and £ 2 > 
so small that u([s\ — e 2 ,s\ + e 2 ] x [t 2 — e 2 ,t 2 + e 2 ]) C U. We define 
e := min{ei,£ 2 }. Let s 2 G [si — e,s\ + e] and £3 G [i 2 — *2 + e]- It 
follows that hol;T n „ ^ ^ = idw , , ,if. Furthermore, by Remark 57 

we have holrf „ t t = idjy , t ,m- Using Remark 53, it follows that 

hol £ox sl S2 tl t2 = id -N u{31 tl) M- Therefore, (h,t 3 ) G R S1 . This proves Lemma 
58. □ 

Proof of Proposition 56. We define R := { (si, s 2 ) G [0, 1] x [0, 1] | hol£* oa . s2 o 6 
idjv u(s o) m}- It follows from Remark 53 that this is an equivalence relation 
on fo, 1]. 

Claim 1. For every si G [0, 1] the R-equivalence class of si is open. 

Proof of Claim 1. Let s 2 G [0,1] be such that (si,s 2 ) G R. Thus we have 
hol ^ox sl , S2ia ,6 = id N u(si , a) M- By Lemma 58 we have (a, b) G R S2 . Hence 
there exists e > such that for S3 G [s 2 — e, s 2 + e] we have hol^ ox ^ a b = 
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idjv u( a) M- Let S3 G [S2 — «2 + e]- Using Remark 53, it follows that 
hol u°z sl , S3 ,a,& = id N u(siia) M, i-e. (si,s 3 ) G i?. This proves Claim 1. □ 

Claim 1 and Lemma 48 imply that R = [0, 1] x [0, 1]. Using Remark 53, the 
statement of Proposition 56 follows. □ 

It follows from Proposition 56 that the map hoP" : X T -► GL(NF) descends 
to a morphism of topological groupoids 

(38) hoP" : X T I~ x t^ GL(TVJF). 

(We use the same notation for this map.) We call this map the linear 
holonomy of J 7 . 

The following result was used in the proof of Theorem 19 in Section 4. Let 
X be a topological manifold, Y C X, E — ► X a vector bundle, <5 :Y xY — > 
GL(E') a morphism of topological groupoids whose composition with the 
canonical projection GL(£) — ► Ixl is the identity, k G N and T : £ , ® fc — > R 
be a (continuous) tensor. Assume that T($^ ui, . . . , Vk) = T(v\, . . . , f^), 
for every x, x' G Y and v±, . . . , Vk G E x . We define ~$, 7r$ and T<j> as in 
Section 4. 

Lemma 59. Assume that there exists a continuous injective map f : [0, 1) x 
Y — > X such that /({0} x7) = F. T/ien the pair (E$,ir$) is a vector bundle 
and T$ is continuous. 

The next result is used in the proof of Lemmas 59 and 36. 

Lemma 60. Let X be a paracompact topological space and £->[0,l)xI 
a vector bundle. We denote by pr : [0, 1) x X — > X the canonical projection. 
Then there exists * G lso(pi*E, E) such that ^(o >x ) = ' 1( ^E (0x) , for every 
x G X. Furthermore, if to is a fiberwise symplectic structure on E then 
there exists ^ as above that preserves 10. 

Proof of Lemma 60. To prove the first assertion, note that there exists * G 
Iso(pr*£', E), see for example [Hu], Part I Chap. 3, 4.4 Corollary (p. 28). We 
define 'I'C'^) := $(*' :E )(^r( ' a: )) _1 . The second assertion follows from a version 
of that corollary for symplectic vector bundles. This version is proved by the 
argument in [Hu], by choosing the local trivializations to be symplectic. □ 

Proof of Lemma 59. To show that (£$,7r$) is a vector bundle, let Xo G X. 
Assume that x g" Y. We denote by n the rank of E and choose a pair 
(U, *), where U C X is an open neighborhood of xq and f : [/ x 1" -> i? 
is a local trivialization. Then viewing U \ Y as a subset of X/Y the map 
(U \ Y) x R™ — ► E$, (x,v) 1 ^ [x,v], is a local trivialization for around 
the point xq. Assume now that xo G Y. We denote n := rankE 1 and 

u ■= /([o, 1) x y) c x. 
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Claim 1. There exists * € lso(U x R n ,E\u) such that ^°' x '^ = ¥*'^°> x \ 
for x, x' G Y . 

Proof of Claim 1. We denote by pr : [0,l)xy^y the canonical projection, 
and choose / as in the hypothesis. We denote E' := f*E — > [0, 1) x Y. By an 
elementary argument there exists £ Iso(pr*£", E') such that ^(o jX ) = ^E' x i 
for every iEF. We denote n := rankE and choose a point xq £ Y and € 

Iso(R n ,£; X0 ). We define f : [/ x R n ^ £ by ^ := ^j-i^^^ '^^o, for 
x £ U. This map has the required properties. This proves Claim 1. □ 

We choose a map ^ as in Claim 1, and define : U/Y x W l — > E^, 
:= [x,f]. This is a local trivialization for E$ around xq. Further- 
more, the map U/Yx(R n ) k — > R, {[x], v u . . . , v k ) h-> 7*(ttj x] t;i, . . . , V' [x] v k ) = 
T x {^ x v\, . . . , ^ x Vk) is continuous. It follows that (E$, 7r$) is a vector bundle 
and T$ is continuous. This proves Lemma 59. □ 

The following result was used in the proof of Theorem 3. Let X be a 
topological space, Y C X a subset, and ~ an equivalence relation on Y. 
We denote by t : Y — > X the inclusion and by 7r : Y — > y/~ the canonical 
projection. We fix a positive integer fc, and we denote by B k C M fc and 
S^ -1 C R fe the closed unit ball and the unit sphere. We define the map 

(30): {u e C{B k ,X) | u is y/~)-compatible} -» C(B k ,X x Y/~ ), 

(40) := (u,nou(z )), 

where zq 6 S' fe_1 is an arbitrary point and we view 7r o u(zq) as a con- 
stant map from B k to Y/ ~. Note that (S* -1 , Yj ~)-compatibility of u 
implies that the right hand side of (40) does not depend on the choice of 
zq. Furthermore, the map <p(u) is {hn(t, 7r)}) -compatible, and the 

(S k ~ 1 , {im(t, it)}) -compatible homotopy class of this map is invariant under 
(S k ~ 1 , Y/~)-compatible homotopies. Hence ip descends to a map 

(41) <p: [B h ,S k - 1 ;X,Y/^\ -+ [B k , S^ 1 ; X x Y/~, {im( t , tt)}] , 

defining ip([u]) := [<£(«)]. Recall that a Serre fibration is a continuous map 
with the homotopy lifting property for all CW-complexes. 

Proposition 61. Let X, Y, ~, l,tt and k be as above. Assume that the map 
tt : Y — > Y/~ is a Serre fibration. Then the map ip above is a bijection. 

Remark 62. Let tt : X — > X' be a Serre fibration, Y be a CW-complex, and 
uo,u±,v : [0, 1] x y — > X be continuous maps. Assume that 

(42) u(v)=Ui(0,-),* = 0,l, 

and there exists a continuous map u' : [0, 1] x [0, 1] x Y — > X' swc/i i/iai 

(43) 7T O = u'(i, •, ■), z = 0, 1, 7T o u = u'(-,0, •). 
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Then there exists a continuous map u : [0, 1] x [0, 1] x Y — > X such that 
7r o u = u' and 

u(i,-,-) = Ui, i = 0, 1, u(-,Q,-)=v. 

This follows from the homotopy lifting property for (tt, [0, 1] x 1") , applied to 
the mapu'o(ipxid Y ) : [0, 1] x [0, l]x7-» X' , where ip : [0, 1] x [0, 1] -> [0, 1] x 
[0, 1] is a homeomorphism that maps [0, 1] x {0} to {0, 1} x [0, 1] U [0, 1] x {0}. 

Proof of Proposition 61. Let X, Y, ~, i, ir and k be as in the hypothesis. We 
define the map 

il>:[B k ,S k - 1 ;XxY/~,{im(i,ir)}] -> [B k , S*" 1 ; X, Y/~ ] 

as follows. Namely, let a € S fe_1 ; X x Yj ~, {im(t, tt)}] . We fix a 
representative (u,v f ) : B k — > X x y/~ of a. 

Claim 1. There exists a continuous map f : B k — > X sitc/i i/iai 

(44) /(z) = u(2z), < i, 

(45) tto/(z)= v '((2/|z|-2)z), */|<|z|<l. 

Proo/ o/ CZasm 1. We define w' : [0, 1] x S ,fc ~ 1 -> y/~ by u/(r, z) := t/((l - 
r)z). By (S fc_1 , {im(i, 7r)}) -compatibility of (u, i;') we have w'(0,z) = it o 
u(z), for every z £ Therefore, by the homotopy lifting property of tt 

there exists a continuous map w : [0, 1] x S' fc_1 — > 1" such that 7r o iu = u/ 
and u>(0, z) = for every z G S* -1 . We define 

f.B^X, — | w (2|^| - 1,^/|^|), ifi<|z|<l. 

This proves Claim 1. □ 

Note that if / is as in Claim 1 then tt o f(z) = v'(0), for z € iS* -1 , and 
therefore the map / is (S k ~ 1 , Y/~)-compatible. 

Claim 2. // (uo,v' ) and (ui,^) are two representatives of a and /o,/i : 
B k — > X are continuous maps satisfying (44,45) with u,v',f replaced by 
u ii v 'nfi> f or * = 0, 1, then the maps f and f\ are homotopic compatibly 
with {S k ~\Y/~). 

Proof of Claim 2. Let (u, v') : [0, 1] x B k -> I x 7/~ be continuous maps 
such that 

(46) (u, v')(i, •) = (m, v't), (u, v')({s} x S"- 1 ) C im( t , vr), Vs E [0, 1]. 
We define 

(47) : [0, 1] x S*" 1 - y, w i (t,z):=f i £±±z), 
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for z = 0,1, and v := u\^ 01 j xS k-i. Then the conditions of Remark 62 with 
Y := S k ' 1 and X, X', ui replaced by Y, Y', Wi are satisfied. To see this, note 
that (42) follows from (44). We define 

(48) w' : [0, 1] x [0, 1] x S^ 1 -» y/~, w'(s, t, ■) := v'(s, (1 - t)z) . 
Then for every t G [0,1], z£ 5 fc_1 , we have 

7TOU>j(i, z) = Tro/^^t— z) 
= ^((1-^) 

= w'(i,t,z). 

Here in the first step we used (44) with /, u replaced by fi, Ui and z G S k J^, 
and in the second step we used (45) with f,v' replaced by ji,v\. So the 
second hypothesis of Remark 62 is also satisfied, with Y := S ,u' := w' 
and X, X' , replaced by Y, Y',Wi. It follows that there exists a continuous 
map w : [0, 1] x [0, 1] x S^ 1 -> 1" such that 

(49) irow = w', •, ■) = w h i = 0, 1, w(; 0, ■) = v = u\ [0jl]xS k-i. 

We define / :[0,l]xB^I by 

_ f «(s,2z), if |*| < i, 

J{ ' j - \ w(a,2|^| -1,^/N), if±<|z|<l. 

By the third equality in (49) the map / is continuous. Furthermore, (44) 
with /, u replaced by fi,Ui, (47) and the second equality in (49) imply that 
f(i,z) = fi(z), for i = 0, 1 and every z G B k . Finally, let s G [0, 1]. Then 
by (48) and the first equality in (49) we have, it o f(s,z) = v'(s,0), for 
z G S k ~ 1 . Hence f(s, •) is (£ ,fc-1 ,y/~ )-compatible, and therefore / is a 
(S k ~ 1 , y/~ )-compatible homotopy from /o to /i. This proves Claim 2. □ 

We choose a map / : B k — > X as in Claim 1 and define ^>(a) to be the 
(S k ~ 1 , y/ ~)-compatible homotopy class of /. By Claim 2 this definition 
does not depend on the choice of /. 

Claim 3. The maps if and ip are inverses of each other. 

Proof of Claim 3: To see that V ° <P = id let a G [B k , <S* -1 ; -X", Y/~ ] . 
We choose a representative u of a, and define / : B k — > X by 

| u(z/\z\), otherwise. 

Note that / is continuous and (S k ~ 1 , Y/~ )-compatible. Note that (S k ~ 1 , Yjr- 
) -compatible homotopy classes of u and / agree. The identity tp o ip = id 
follows now from the next claim. 
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Claim 4. The (S ,fe_1 ,y/~ ^-compatible homotopy class of f equals ipoip(a). 

Proof of Claim 4. By definition (p(a) = [u,ir o u(zo)] , where zq G S k ~ 1 is 
an arbitrary point. Furthermore, equalities (44,45) are satisfied, with v' := 
7r o u{zq). Hence / represents if> o 99(a). This proves Claim 4. □ 

To see that ip o ip = id let a G [B k , S* -1 ; X x Y/~, {im(t, n)}] . We choose 
a representative (it, 1/) of a and a continuous map / : B k — > X such that 
the conditions (44,45) hold. We fix zo € S . Then by definition the maps 
(/, 7ro/(z )) and ipoijj(a) are homotopic compatibly with {im(i, 7r)}) . 

The identity (p o ^) = id follows now from the next claim. 

Claim 5. TTte (S 1 * 1-1 , {im(i, 7r)}) -compatible homotopy class of (/, 7ro/(z )) 
equals a. 

Proof of Claim 5: We define the map /i : [0, 1] x 5 fe -► X x V/~ by 
Then 

M0,-) = (/,vro/(z )), = («,«'), 

h(s, z) G im{t, vr}, Vs G [0,1], z€ S* 1-1 . 
Here in the first equality we used (45), in the second equality we used (44), 
and in the condition we used (45) again. Hence h is a (S* -1 , {im(i, ^In- 
compatible homotopy from (/, 7ro/(z )) to (u,v'). This proves Claim 5 and 
hence Claim 3, and concludes the proof of Proposition 61. □ 

Open compact topology. The following lemma was used in the proofs of 
Lemmas 10, 41. For two topological spaces X and Y we equip the set of 
continuous maps C(X,Y) with the compact open topology. 

Lemma 63. Let X, Y and Z be topological spaces. Then the following state- 
ments hold. 

(i) IfY is locally compact and Hausdorff then the composition map C(X, Y)x 
C(Y, Z) 3 (/, g) 1— > g o / G C(X, Z) is continuous. 

(ii) If X is locally compact and Hausdorff then the evaluation map C(X,Y)x 
X 3 (/, x) 1 — ► f(x) EY is continuous. 

(Hi) If X is Hausdorff and Y is locally compact and Hausdorff then the map 
<p : C(X,C(Y,Z)) -> C(X x Y, Z) defined by <p(f)(x,y) := f{x){y), 
for (x, y) G X x Y , is well-defined and a homeomorphism. 

(iv) If X is compact Hausdorff and Y is metrized by a metric d, then 
C(X,Y) is metrized by the metric a" defined by 

(50) d'(f, g) := sup {d(f(x), g{x)) | x G X} . 

Proof of Lemma 63. These are standard results, see for example the book 
[Hat]. □ 
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Lemma 64. For every symplectic vector space (V, oj) the map m w : C([0, 1], Auto;) — > 
R is continuous with respect to the compact open topology. 

Proof of Lemma 64. Since p w is continuous, by Lemma 63(i) the map C([0, 1], Auto;) 3 
& l— ► € C([0, 1], S" 1 ) is continuous. By Lemma 41 the winding map 

a : C([0, 1], S 1 ) — ► R is continuous. Since the map m w is the composition of 
these two maps, the statement of Lemma 64 follows. □ 
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